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Abstract

We exploit the high accuracy of spectral collocation methods in the context of a two-level

continuation scheme for computing ground state solutions of dipolar Bose-Einstein conden-

sates (BEC), where the first kind Chebyshev polynomials and Fourier sine functions are

used as the basis functions for the trial function space. The governing Gross-Pitaevskii

equation (or Schrödinger equation) can be reformulated as a Schrödinger-Poisson (SP) type

system [13]. The two-level continuation scheme is developed for tracing the first solution

curves of the SP system, which in turn provide an appropriate initial guess for the New-

ton method to compute ground state solutions for 3D dipolar BEC. Extensive numerical

experiments on 3D dipolar BEC and dipolar BEC in optical lattices are reported.
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1. Introduction

In past years, a successful experimental result has been obtained on dipolar Bose-Einstein

condensates (BECs), where a BEC of 52Cr atoms has been realized [1]. The achievement

allows experimental investigations of the unique properties of dipolar BEC. The experimental

breakthrough on cooling and trapping of molecules [2], on photoassociation [3], and on

Feshbach resonances of binary mixtures [4] have opened up new research areas in the atomic

physics community [5–11].

The 3D dipolar BEC at zero temperature trapped in a harmonic potential V (x) =
m

2
(ω2

xx
2 + ω2

yy
2 + ω2

zz
2) is well described by the macroscopic wave function ψ(x, t) whose

evolution is governed by the Gross-Pitaevskii equation (GPE) [5, 12]

i�∂tψ(x, t) =

[
− �

2

2m
Δ + V (x) + U0|ψ(x, t)|2 + Vdip(x) ∗ |ψ(x, t)|2

]
ψ(x, t), x ∈ R

3, t > 0,

(1.1)

where � is the Planck constant, t is the time variable, x = (x, y, z)T ∈ R
3, m is the mass

of a dipolar particle, ωx, ωy, and ωz are the trap frequencies in the x-, y-, and z-direction,

respectively. The parameter U0 =
4π�

2as

m
denotes local (or short-range) interaction between

dipoles in the condensates with as the s-wave scattering length, Vdip denotes the long-range

dipolar interaction between two dipoles which is given by

Vdip(x) =
μ0μ

2
dip

4π

1 − 3(x · n)2/|x|2
|x|3 =

μ0μ
2
dip

4π

1 − 3 cos2 θ

|x|3 , x ∈ R
3, (1.2)

where μ0 is the vacuum magnetic permeability, μdip is the permanent magnetic dipole mo-

ment (e.g., μdip = 6μB for 52Cr with μB being the Bohr magneton), n = (n1, n2, n3)
T ∈ R

3

is the dipole axis (or dipole moment) with ‖n‖2 = 1, and θ is the angle between the dipole

axis n and position vector x. The wave function ψ is normalized according to

‖ψ‖2 :=

∫
R3

|ψ(x, t)|2 dx = M, (1.3)

where M is the total number of dipolar particles in the dipolar BEC.

By introducing the dimensionless variables [13], t → t

ω0
with ω0 = min{ωx, ωy, ωz},

x → a0x with a0 =
√

�/mω0, ψ →
√
Mψ

a
3/2
0

, Eqs. (1.1) and (1.3) are expressed as

i∂tψ(x, t) =

[
−1

2
Δ + V (x) + β|ψ(x, t)|2 + λ(Udip(x) ∗ |ψ(x, t)|2)

]
ψ(x, t), x ∈ R

3, t > 0,

(1.4)
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‖ψ‖2 =

∫
R3

|ψ(x, t)|2 dx = 1, (1.5)

where V (x) =
1

2
(γ2

xx
2 + γ2

yy
2 + γ2

zz
2) is the dimensionless harmonic trapping potential with

γx = ωx/ω0, γy = ωy/ω0, and γz = ωz/ω0, β =
MU0

�ω0a
3
0

=
4πasM

a0

, λ =
mMμ0μ

2
dip

3�2a0

, and the

dimensionless long-range dipolar interaction potential Udip is given as

Udip(x) =
3

4π

1 − 3(x · n)2/|x|2
|x|3 =

3

4π

1 − 3 cos2 θ

|x|3 , x ∈ R
3. (1.6)

Recently, Bao et al. [13] decoupled the two-body dipolar interaction potential into short-

range (or local) and long-range interactions (or repulsive and attractive interactions), and

transformed Eq. (1.4) into a Gross-Pitaevskii-Poisson or Schrödinger-Poisson (SP) type sys-

tem of the following form

i∂tψ(x, t) =

[
−1

2
Δ + V (x) + (β − λ)|ψ(x, t)|2 − 3λϕ̃(x, t)

]
ψ(x, t), x ∈ R

3, t > 0, (1.7)

⎧⎨⎩ −Δϕ(x, t) = |ψ(x, t)|2, lim
|x|→∞

ϕ(x, t) = 0,

ϕ̃(x, t) = ∂nnϕ(x, t),
(1.8)

where ∂n = n · ∇ = n1∂x + n2∂y + n3∂z, ∂nn = ∂n(∂n). The decoupled short-range and

long-range interactions of the dipolar interaction potential are attractive and repulsive, re-

spectively, when λ > 0; and are repulsive and attractive, respectively, when λ < 0. Moreover,

the total energy per particle is

E(ψ) = Ekin(ψ) + Epot(ψ) + Eint(ψ) + Edip(ψ), (1.9)

where

Ekin(ψ) =
1

2

∫
R3

|∇ψ|2 dx, Epot(ψ) =

∫
R3

V (x)|ψ|2 dx,

Eint(ψ) =
β

2

∫
R3

|ψ|4 dx, Edip(ψ) =
λ

2

∫
R3

(−|ψ|4 + 3|∂n∇ϕ|2) dx,

are kinetic, potential, interaction, and dipolar energies, respectively. Substituting the for-

mula [14]

ψ(x, t) = e−iμtφ(x), x ∈ R
3, t ≥ 0, (1.10)
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into Eqs. (1.7)–(1.8) and the constraint (1.5), we obtain the nonlinear eigenvalue problem[
−1

2
Δ + V (x) + (β − λ)|φ(x)|2 − 3λϕ̃(x)

]
φ(x) = μφ(x), x ∈ R

3, (1.11a)

‖φ‖2 =

∫
R3

|φ(x)|2 dx = 1, (1.11b)

−Δϕ(x) = |φ(x)|2, lim
|x|→∞

ϕ(x) = 0, (1.11c)

ϕ̃(x) = ∂nnϕ(x). (1.11d)

Eq. (1.11) is a stationary state SP type system. A different type of SP system, called self-

consistent SP system, is described in [14] with totally different physical meaning. In this

system we are mainly interested in computing the first few eigenpairs of the associated self-

consistent SP eigenvalue problem. The numerical study for the self-consistent SP eigenvalue

problem can be found in [15]. Recently, Chien et al. [16] described a two-grid finite element

discretization scheme, which is a time-independent approach for computing wave functions

of the self-consistent SP system.

Recently, various numerical methods have been proposed for investigating certain physical

phenomena of BEC. See e.g., [17–19]. The study of Eq. (1.11) in 3D, and in 1D and 2D,

was reported in [13] and [20, 21], respectively. Since nearly all particles of BEC fall into

the ground state of the trap, the macroscopic wave function φ(x) decays to zero rapidly

as |x| → ∞. So we replace the whole domain R
3 by a finite large domain Ω = (−L,L)3

with L > 0, and impose the zero Dirichlet boundary conditions on the functions φ(x) and

ϕ(x). In this paper, we describe a novel two-level continuation scheme for tracing the first

solution curves of Eq. (1.11) and dipolar BEC in optical lattices, which can provide an

appropriate initial guess for the Newton method to compute ground state solutions of the

SP system. The outer continuation determines the first consecutive bifurcation points of

the SP system on the trivial solution curve {(0, μ) | μ ∈ R} during the iteration scheme.

While the inner continuation is just the classical predictor-corrector continuation method for

curve-tracking [22–26]. Starting with ϕ̃ = 0, Equation (1.11a) is the governing equation for

a BEC. Thus we can use an efficient predictor-corrector continuation algorithm [22–26] to

compute the ground state solution of (1.11a). Next, we solve the Poisson equation (1.11c),

and compute (1.11d) to obtain ϕ̃ for the next step continuation algorithm. Then we use

the continuation algorithm again to compute the ground state solution of (1.11a). Here we

need to evaluate the minimum eigenvalue of the Schrödinger eigenvalue problem. Similarly,

we solve (1.11c) and compute ϕ̃ for (1.11d). We repeat the same process as above until

two consecutive bifurcation points, say, μk and μk+1, are close enough, which means the

solution curves of the SP system obtained by the two-level continuation scheme will converge
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to the desired one. Then we can use the ground state solution obtained in the kth outer

continuation as an initial guess, and perform the (inexact) Newton iteration until it converges

to the desired ground state solution.

This paper is organized as follows. In Section 2 we study spectral collocation methods

(SCMs) for dipolar BEC and dipolar BEC in optical lattices in 3D. The two-level continua-

tion scheme is described in Section 3 for computing the ground state solutions of Eq. (1.11).

Section 4 shows that our numerical results are consistent with those in [13,20]. Moreover, nu-

merical experiments for dipolar BEC with strongly anisotropic confining harmonic potential

are presented. Finally, some concluding remarks are given in Section 5.

2. SCMs for 3D dipolar BEC

In this section, we will exploit the spectral accuracy of the SCMs in the context of numerical

continuation methods for computing ground state solutions of 3D dipolar BEC, which is

governed by the SP system (1.11a)–(1.11d). Here the first kind Chebyshev polynomials and

the Fourier sine functions will be used as the basis functions for the trial function space. Since

the macroscopic wave function φ(x) → 0 rapidly as |x| → ∞, we replace the domain R
3 in

(1.11a)–(1.11d) by a sufficiently large domain Ω = (−L,L)3 with L > 0 in our numerical

computations. First we transform the domain Ω = (−L,L)3 into Ω1 = (−1, 1)3. Using the

change of variables x → Lx, Eqs. (1.11a)–(1.11d) are transformed into[
− 1

2L2
Δ + Ṽ (x) + (β − λ)|φ(x)|2 − 3λϕ̃(x)

]
φ(x) = μφ(x), x ∈ Ω1 = (−1, 1)3, (2.1a)

L3

∫
Ω1

|φ(x)|2 dx = 1, (2.1b)

− 1

L2
Δϕ(x) = |φ(x)|2, (2.1c)

ϕ̃(x) =
1

L2
∂nnϕ(x), (2.1d)

where Ṽ (x) = V (Lx) and the boundary conditions are φ|∂Ω1 = 0 and ϕ|∂Ω1 = 0.

Let Tn(x) be the nth degree Chebyshev polynomial of the first kind, i.e., Tn(x) =

cos(n cos−1 x), −1 ≤ x ≤ 1. Define the trial function space as

SN = span{pi(x)pj(y)pk(z) : i, j, k = 0, 1, . . . , N − 2}, (2.2)

where pn = Tn − Tn+2. Then dimSN = (N − 1)3 and all the functions of SN satisfy the

homogeneous Dirichlet boundary conditions. We choose {(x�, ym, zn) = (ξ�, ξm, ξn) : ,m, n =
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0, 1, . . . , N −2} as the collocation points, where ξi = cos( (2i+1)π
2(N−1)

), i = 0, 1, . . . , N −2, are the

Chebyshev-Gauss points. To solve (2.1) using a two-level continuation scheme, first we let

ϕ̃(x) = 0 in (2.1a), i.e., we solve the GPE[
− 1

2L2
Δ + Ṽ (x) + (β − λ)|φ(x)|2

]
φ(x) = μφ(x), x ∈ Ω1,

φ(x) = 0, x ∈ ∂Ω1.

(2.3)

The SCM for solving (2.3) is to find

uN(x) =
N−2∑

i,j,k=0

uijkpi(x)pj(y)pk(z) ∈ SN

such that the residual function

r1(x) =

[
− 1

2L2
Δ + Ṽ (x) + (β − λ)|uN (x)|2

]
uN(x)− μuN (x) (2.4)

vanishes at the collocation points (x�, ym, zn). That is,

r1(x�, ym, zn) =

[
− 1

2L2
Δ + Ṽ (x�, ym, zn) + (β − λ)|uN (x�, ym, zn)|2

]
uN(x�, ym, zn)

−μuN(x�, ym, zn)

= 0, ,m, n = 0, 1, . . . , N − 2.

(2.5)

Denote pij = pj(xi), p
′
ij = p′j(xi), p

′′
ij = p′′j (xi), v�mn = Ṽ (x�, ym, zn), and define the (N −

1) × (N − 1) matrices

P = [pij ]0≤i, j≤N−2, P′ = [p′ij]0≤i, j≤N−2, P′′ = [p′′ij]0≤i, j≤N−2,

U(k) = [uijk]0≤i, j≤N−2, k = 0, 1, . . . , N − 2,

V(n) = [v�mn]0≤�, m≤N−2, n = 0, 1, . . . , N − 2.

(2.6)

Let the vectors

Û =

⎡⎢⎢⎢⎢⎣
vec(U(0))

vec(U(1))
...

vec(U(N−2))

⎤⎥⎥⎥⎥⎦ and V̂ =

⎡⎢⎢⎢⎢⎣
vec(V(0))

vec(V(1))
...

vec(V(N−2))

⎤⎥⎥⎥⎥⎦ , (2.7)

where vec(M) denotes the vectorization of a matrix M formed by stacking the columns

of M into a single column vector. Then Û, V̂ ∈ R
(N−1)3 and (2.5) can be expressed as a

generalized nonlinear eigenvalue problem

H(Û, μ) = − 1

2L2
AÛ + V̂ ◦ (BÛ) + (β − λ)(BÛ) 3© − μBÛ = 0, (2.8)
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where “◦” denotes the Hadamard product, (BÛ) 3© = (BÛ) ◦ (BÛ) ◦ (BÛ), and A,B ∈
R

(N−1)3×(N−1)3 are defined by

A = P ⊗ P⊗ P′′ + P ⊗P′′ ⊗ P + P′′ ⊗ P⊗ P,

B = P⊗ P⊗ P,
(2.9)

where “⊗” denotes the Kronecker product. The Jacobian matrix ofH isDH = [DÛH DμH] ∈
R

(N−1)3×((N−1)3+1) with

DÛH = − 1

2L2
AÛ + diag(V̂)B + 3(β − λ)diag((BÛ) 2©)B − μB,

DμH = −BÛ,

(2.10)

where diag(b) is a diagonal matrix with the vector b as the diagonal entries.

We use an efficient predictor-corrector continuation method to trace the ground state

solution curve of (2.3) bifurcating at the first bifurcation point (0, μ1). The constraint

condition (2.1b) is regarded as a stopping criterion for the curve-tracking [22]. We stop the

first curve-tracking whenever the target point (φ∗
1, μ

∗
1) is reached for some chemical potential

μ∗
1 and L3

∫
Ω1

|φ∗
1(x)|2 dx = 1, where φ∗

1(x) =
N−1∑

i,j,k=0

u∗ijkpi(x)pj(y)pk(z).

Next, the spectral collocation formulation for solving (2.1c) is to find

wN(x) =
N−2∑

i,j,k=0

wijkpi(x)pj(y)pk(z) ∈ SN

such that the residual function r2(x) = − 1

L2
ΔwN(x) − |φ∗

1(x)|2 vanishes at the collocation

points (x�, ym, zn). That is,

r2(x�, ym, zn) = − 1

L2
ΔwN (x�, ym, zn)−|φ∗

1(x�, ym, zn)|2 = 0, ,m, n = 0, 1, . . . , N−2. (2.11)

Note that we also can use the fast Fourier transform (FFT) to solve (2.1c) which is more

efficient than the SCM. Let Ŵ, Û∗ ∈ R
(N−1)3 be the column vectors corresponding to wijk

and u∗ijk, respectively, as the definition of Û. We express (2.11) as

− 1

L2
AŴ = (BÛ∗) 2©, (2.12)

where A and B are defined in (2.9). Denote the solution of (2.12) by the column vector Ŵ∗

associated withw∗
ijk. The approximate solution of (2.1c) is ϕ1(x) =

N−2∑
i,j,k=0

w∗
ijkpi(x)pj(y)pk(z).

Then from (2.1d) we obtain ϕ̃1(x) =
1

L2
∂nnϕ1(x) for the next iterate of the continuation

scheme.
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Now we consider (2.1a) with ϕ̃(x) = ϕ̃1(x) = 0. The SCM analogue of (2.1a) is

F (Û, μ) = − 1

2L2
AÛ+V̂◦(BÛ)+(β−λ)(BÛ) 3©−3λ

1

L2
(CŴ∗)◦(BÛ)−μBÛ = 0, (2.13)

where C ∈ R
(N−1)3×(N−1)3 is defined by

C = n2
1(P⊗ P⊗ P′′) + n2

2(P ⊗P′′ ⊗ P) + n2
3(P

′′ ⊗ P ⊗P)

+2n1n2(P⊗ P′ ⊗ P′) + 2n2n3(P
′ ⊗ P′ ⊗P) + 2n1n3(P

′ ⊗P ⊗ P′),

and other symbols are defined as above. The Jacobian matrix of F is DF = [DÛF DμF ] ∈
R

(N−1)3×((N−1)3+1) with

DÛF = DÛH − 3λ
1

L2
diag(CŴ∗)B,

DμF = −BÛ,

(2.14)

where DÛH is defined in (2.10). We use the FFT again to solve (2.1c), and compute ϕ̃(x)

in (2.1d) as above until ϕ̃(x) converges to a desired vector. Then the ground state solution

of the dipolar BEC is the associated wave function φ(x).

For the 3D dipolar BEC in optical lattices, due to the high oscillation of periodic potential,

we choose the Fourier sine functions as the basis functions for the SCM. See [25, 26]. The

trail function space using the Fourier sine functions as the basis functions is defined by

S̃N = span{si(x)sj(y)sk(z) : i, j, k = 0, 1, . . . , N − 2, x, y, z ∈ [−1, 1]},

where sn(x) = sin( (n+1)π(x+1)
2

). Since sn(±1) = 0, all the functions of S̃N satisfy the homo-

geneous Dirichlet boundary conditions. In this case we must choose uniform grids on the

domain Ω1 as the collocation points. The rest of the SCM using the Fourier sine functions as

the basis functions is a straightforward modification of the first kind Chebyshev polynomials,

and is omitted here.

3. A two-level continuation scheme

In numerical continuation methods, we use the energy level and wave function of the linear

Schrödinger equation (LSE) as initial guesses to approximate the counterparts of the non-

linear GPE [22]. It is well known that Newton’s method is widely used for solving nonlinear

system of equations because its convergence rate is quadratic. However, an appropriate ini-

tial guess is, in general, not available for this method. The procedure described in Section

2 gives a heuristic idea to propose a two-level continuation scheme for tracing the first so-

lution curves of the SP system (1.11), which can supply an appropriate initial guess for the
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Newton method to compute ground state solutions of dipolar BEC. In the first iterate of

the outer continuation iteration we let ϕ̃(x) = ϕ̃0(x) = 0. The SCM analogue of (2.1a) is a

parameter-dependent problem

H(Û, μ) = 0, (3.1)

where H : R
(N−1)3 × R → R

(N−1)3 is defined in (2.8), which is a continuously differentiable

function. A solution curve of (3.1) is denoted by

CH = {y(s) = (Û(s), μ(s)) | H(Û(s), μ(s)) = 0, s ∈ I ⊂ R}.

The bifurcation points of (3.1) on the trivial solution curve {(0, μ) | μ ∈ R} are just the

eigenvalues of the LSE corresponding to (3.1). In order to compute the ground state solution

of (3.1), we use a predictor-corrector continuation algorithm to trace the solution curve of

(3.1) branching from the trivial solution curve at the first bifurcation point (0, μ1), where μ1

is the minimum eigenvalue of the LSE. In addition, the normalization condition (2.1b) is set

as the target point for the curve-tracking. We start with a point y(0) = (Û(0), μ(0)) = (0, μ(0))

on the trivial solution curve, which is close enough to the first bifurcation point. To compute

the next approximating point y(1) = (Û(1), μ(1)), we need to switch from the trivial solution

curve to the nontrivial one. A well-known technique for branch-switching near the bifurcation

point is to solve the perturbed problem

H(Û, μ) + d = 0, (3.2)

where d is the perturbation vector which can be chosen as the eigenfunction of the LSE.

Assume that we have successfully switched to the nontrivial solution curve. Let y(i) =

(Û(i), μ(i)) be an accepted approximating point for the solution curve. In the (i+ 1)th step

of the continuation algorithm, we first compute the unit tangent vector ẏ(i) = (
˙̂
U

(i)

, μ̇(i)) at

y(i) by solving the bordered linear system[
DÛH(y(i)) DμH(y(i))

ẏ(i−1)

]
ẏ(i) =

[
0

1

]
, (3.3)

and a predicted point z(i+1,1) of y(i+1) can be obtained by the Euler predictor

z(i+1,1) = y(i) + δi · ẏ(i),

where δi > 0 is the step length which is determined by some step-size selection strategy.

Next, we correct the predicted point z(i+1,1) by performing Newton’s iteration constrained

to a hyperplane which is orthogonal to ẏ(i). That is, we solve[
DÛH(z(i+1,j)) DμH(z(i+1,j))

ẏ(i)

]
ω(j) =

[
−H(z(i+1,j))

0

]
, j = 1, 2, . . . , (3.4)
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and set z(i+1,j+1) = z(i+1,j)+ω(j), j = 1, 2, . . .. When ‖ω(j0)‖ < ε and ‖H(z(i+1,j0+1))‖ < ε for

some j0 ∈ N, where ε > 0 is the accuracy for the Newton corrector, we finish the corrector

step and set the next approximating point y(i+1) = z(i+1,j0+1). The first curve-tracking

is implemented in this way until y(i0) = (Û(i0), μ(i0)) satisfies the normalization condition

L3

∫
Ω1

|
N−1∑

i,j,k=0

u
(i0)
ijk pi(x)pj(y)pk(z)|2 dx = 1 for some i0 ∈ N. We set the target point y(i0) as

(Û∗, μ∗
1), where the entries of Û∗, namely, u∗ijk, are exploited to compute the ground state

solution φ∗
1(x) =

N−1∑
i,j,k=0

u∗ijkpi(x)pj(y)pk(z).

Now we use |φ∗
1(x)|2 as the right-hand side of (2.1c) and solve the SCM analogue (2.12)

to obtain the approximate solution ϕ1(x). Then we use (2.1d) to compute ϕ̃1(x) for the next

iterate.

In the second iterate of the outer continuation iteration we let ϕ̃(x) = ϕ̃1(x). The SCM

analogue of (2.1a) is a parameter-dependent problem of the form

F (Û, μ) = 0, (3.5)

where F : R
(N−1)3 ×R → R

(N−1)3 is defined in (2.13). To compute the ground state solution

of (3.5), we use the predictor-corrector continuation algorithm to trace the solution curve

of (3.5) branching the first bifurcation point (0, μ2), where μ2 is the minimum eigenvalue

of the LSE corresponding to (3.5). The normalization condition (2.1b) is regarded as the

target point for the curve-tracking. We repeat the same process as the first iterate, and use

(2.1c) and (2.1d) to obtain ϕ2(x) and ϕ̃2(x). Similar procedures are executed until ϕ̃k(x)

converges. In practical computations we stop the curve-tracking if ‖ϕ̃k(x) − ϕ̃k−1(x)‖ < ε1

for some number ε1 > 0.

Our numerical experiments show that the above mentioned continuation scheme can

effectively compute the ground states of a dipolar BEC and a dipolar BEC in optical lattices.

However, curve-tracking for (2.1a) is time-consuming if the convergence behavior of {ϕ̃k(x)}
staggers. To overcome the drawback we propose a robust two-level continuation scheme as

follows. If two consecutive bifurcation points of the ground state solution curves of (2.1a)

are close enough, say, |μk − μk+1| < ε2 for some ε2 > 0, then the two solution curves will be

close enough, too. Instead of tracing the solution curve bifurcating at (0, μk+1), we use the

target point on the solution curve bifurcating at (0, μk) as the initial guess and perform the

(inexact) Newton method to solve

F̃ (Û, μ) =

[
F (Û, μ)

F1(Û, μ)

]
= 0, (3.6)

where F is the same as above and F1 : R
(N−1)3 × R → R is the normalization constraint
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which is defined by F1(Û, μ) = L3

∫
Ω1

|
N−1∑

i,j,k=0

uijkpi(x)pj(y)pk(z)|2 dx − 1. That is, we solve

(2.1a) and (2.1b) simultaneously. We set the solution by (φ∗
k,1(x), μ∗

k,1) and then use (2.1c)

and (2.1d) to obtain ϕk,1(x) and ϕ̃k,1(x). The function ϕ̃k,1(x) will be used as the initial

guess for the (inexact) Newton method. We solve (3.6) iteratively until the function ϕ̃k,�(x)

converges to the desired ground state solution (φ∗(x), μ∗). The detailed procedure of the

two-level continuation scheme for computing the ground state of a dipolar BEC is described

as follows.

Algorithm 3.1 The two-level continuation scheme for computing energy levels of

a dipolar BEC.

Input:

k := The kth iterate of the iterative continuation scheme.

K := Maximum number of the outer continuation iteration.

ε := Accuracy tolerance for approximating points on each solution curve.

ε1 := Accuracy tolerance for ϕ̃k,�.

ε2 := Accuracy tolerance for two consecutive bifurcation points.

ϕ̃0 := 0, k := 0.

Outer continuation iteration:

Step 1: (i) k = k + 1.

(ii) If k = K, stop.

(iii) Inner continuation iteration: use the predictor-corrector continuation algo-

rithm to trace the ground state solution curve of (2.1a) until the target point

(φ∗
k, μ

∗
k) is reached.

Step 2: Use the Fast Fourier Transform (FFT) to solve (2.1c) for ϕk.

Step 3: Use (2.1d) to compute ϕ̃k.

Step 4: Check for convergence:

(i) Compute the first bifurcation point (0, μk+1) of (2.1a) with ϕ̃ = ϕ̃k.

(ii) if |μk − μk+1| > ε2,

go to Step 1.

else

(a) Set  = 0 and (φ∗
k,0, μ

∗
k,0) = (φ∗

k, μ
∗
k), ϕ̃k,0 = ϕ̃k.

(b)  =  + 1.

(c) Use the approximate solution (φ∗
k,�−1, μ

∗
k,�−1) as the initial guess, and

perform the (inexact) Newton method to solve (2.1a) and (2.1b) simul-

taneously.

(d) Set the approximate solution obtained in (c) by (φ∗
k,�, μ

∗
k,�).

11



(e) Use the FFT to solve (2.1c) for ϕk,�.

(f) Use (2.1d) to compute ϕ̃k,�.

(g) Repeat the procedure (b)–(f) until ‖ϕ̃k,� − ϕ̃k,�−1‖ < ε1, and the desired

solution is (φ∗, μ∗).

end if.

(iii) exit.

In order to efficiently implement Algorithm 3.1, the parameter ε2 must be properly chosen

with care. Since the inner continuation in Step 1 is time-consuming, the parameter ε2 should

be large enough so that we can omit unnecessary procedure for curve-tracking. On the other

hand, ε2 must be small enough so that the two consecutive target points (φ∗
k−1, μ

∗
k−1) and

(φ∗
k, μ

∗
k) will be close enough, which guarantees that the Newton method will converge.

Note that the minimum eigenvalue of the LSE associated with the governing GPE for

dipolar BEC is simple. In addition, the discrete matrix corresponding to the Jacobian ma-

trix DÛH(or DÛF ) is nonsymmetric. Therefore, it is quite easy to compute the minimum

eigenvalue of the LSE. The detection of multiple eigenvalues in a nonlinear eigenvalue prob-

lem using numerical continuation methods combined with linear solvers may go back to the

eighties of last century. When the Fréchet derivative DÛH(or DÛF ) is symmetric, one can

either use the direct linear solver, e.g., the Gaussian elimination [27] or the iterative linear

solver, e.g., the block Lanczos method [28, 29] to solve linear system of equations and to

detect multiplicity of an eigenvalue in curve-tracing. On the other hand, when the Fréchet

derivative DÛH(or DÛF ) is nonsymmetric, one can use the Arnoldi method [30,31] to solve

linear systems and so on.

4. Numerical results

The two-level continuation scheme described in Algorithm 3.1 was implemented to compute

the ground state solutions of 3D dipolar BEC and dipolar BEC in optical lattices, where

the predictor-corrector continuation method was used to trace the ground state solution

curves of the GPE. The accuracy tolerance for the (inexact) Newton corrector and ϕ̃k,� are

ε = 5 × 10−8 and ε1 = 5 × 10−9, respectively. In Examples 1–2 and 4–5 we used the first

kind Chebyshev polynomials with N = 26 as the basis functions to discretize the SP system.

But in Example 3 we chose the Fourier sine functions with N = 32 as the basis functions

because of the high oscillation of the periodic potential. Note that the numerical experiments

in Examples 4–5 have never been reported in published literatures. All computations were

executed in the domain Ω = (−8, 8)3 on an Intel r© CoreTM i7-2600K PC using Matlab
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language. The following notations are used in Tables 1–4.

NOMENCLATURE

E : the total energy of the ground state solution of dipolar BEC.

Ekin, Epot, Eint, Edip : various energies of the ground state solution of dipolar BEC (defined

in (1.9)).

σx, σy, σz : the condensate widths which are defined as σα =

∫
R3

α2|φ(x)|2 dx,

α = x, y, z.

ρ(0) : the central density which is defined as ρ(0) = |φ(0, 0, 0)|2.
μk, k = 1, 2, . . . : the first bifurcation point of each curve of dipolar BEC.

μ∗
k, k = 1, 2, . . . : the energy level of the approximate ground state solution of the kth

iterate solution curve.

μ∗
k,�,  = 1, 2, . . . : the energy level of the approximate ground state solution obtained

by implementing the (inexact) Newton method.

μ∗ : the energy level of the ground state solution of the dipolar BEC.

Example 1 (Comparisons between Algorithm 3.1 and the backward Euler sine pseudospectral

method). We used the first kind Chebyshev polynomials as the basis functions combined

with the two-level continuation scheme to compute the ground state solution of (1.11), where

V (x) = (x2+y2+0.25z2)/2, n = (0, 0, 1)T , and β = 207.16. These data are the same as those

used in [13]. Table 1 lists various types of energy quantities for the ground state solutions

of dipolar BEC with respect to different λ values obtained by implementing Algorithm 3.1

(first row) and the backward Euler sine pseudospectral method in [13] (second row), where

we used the Gaussian quadrature formula to approximate the energy quantities in (1.9).

From Table 1 we see that the energy quantities obtained by these two different numerical

methods are at least consistent within the second decimal digit. Note that the accuracy

tolerance used in [13] is 10−6, whereas we used 5× 10−9. Figure 1 shows the isosurface plots

of |φ(x)| = 0.01 for the ground state solution of (1.11) with λ = −0.5β, −0.25β, 0.0β, and

0.25β. For λ = ±0.25β and 0.0β, we only need to trace the solution curves once, where the

coefficient of the cubic nonlinearity β − λ ∈ (155, 259). That is, we can efficiently compute

the ground state solutions when there is no long-range dipolar interaction in the system, or

the coefficients of the cubic nonlinear term as well as the dipolar term are small compared

to the other data used in our numerical experiments.

Example 2 (3D dipolar BEC with the harmonic potential and double-well potential). In

this example we also chose the same data as those used in [13], namely, β = 401.432, λ =

64.22912, the dipolar direction n = (0, 0, 1)T , the harmonic potential V (x) = (x2+y2+z2)/2,

and the double-well potential V (x) = (x2 + y2 + z2)/2 + 4e−z2/2. In addition, the accuracy
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for two consecutive bifurcation points is ε2 = 0.2. Table 2 lists the implementation details

of Algorithm 3.1, i.e., the minimum eigenvalues of the SEP, and associated energy levels of

the ground state solutions, and the convergence behavior of the (inexact) Newton iteration.

Figures 2(a1)–2(a2) show that for both the harmonic potential and double-well potential we

only need to trace the first solution curves twice during the implementation of Algorithm

3.1. Figures 2(b1)–2(c1) and 2(b2)–2(c2) show that the contour plots of |φ(x, 0, z)|2 and the

isosurface plots of |φ(x)| = 0.01 for the ground state solutions are identical with those given

in [13]. Note that in the case of double-well potential, the isosurface plot of 3D dipolar BEC

is dumb-bell shaped, which shows that the shape is determined by the type of potential we

choose.

Example 3 (3D dipolar BEC in optical lattices). For comparison we chose the same data as

those in [13], namely, V (x) = (x2 + y2 + z2)/2 + 100(sin2(πx/2) + sin2(πy/2) + sin2(πz/2)),

β = 401.432, λ = 64.22912, and n = (0, 0, 1)T . The accuracy tolerance for two consecutive

bifurcation points is ε2 = 0.7. Because of the high oscillation of the periodic potential,

we used the Fourier sine functions as the basis functions. Table 3 lists the implementation

details of Algorithm 3.1, i.e., the minimum eigenvalues of the SEP, and associated energy

levels of the ground state solutions during the outer continuation process, together with the

convergence behavior of the (inexact) Newton method. Figure 3(a) shows that we only need

to trace the first solution curve twice to compute the ground state solution. The contour

plot of |φ(x, 0, z)|2 and the isosurface plot of |φ(x)| = 0.04 displayed in Figures 3(b) and

3(c), respectively, are more delicate than the counterparts shown in [13], which show how

the optical lattices would affect the structure of 3D dipolar BEC.

Example 4 (3D dipolar BEC with various choices of dipolar directions). (i) Consider (1.11)

with V (x) = (x2+y2+z2)/2, β = 207.16, and λ = −103.58. We chose three different dipolar

directions n = (0, 0, 1)T , n = (0, 1, 0)T , and n = (1, 1, 1)T /
√

3. Figure 4 shows the contour

plots of |φ(0, y, z)|2, |φ(x, y, 0)|2, and the isosurface plots of |φ(x)| = 0.08 for the ground

state of the dipolar BEC with different dipolar directions. In particular, Figures 4(a1) and

4(b1) show that the contour plots of |φ(0, y, z)|2 are ellipse with long axis parallel to the

y-axis and z-axis, respectively, where the dipole components on these axes are zero. When

the dipole axis has equal weight on each component, Figure 4(c1) shows that the contour

plot of |φ(0, y, z)|2 is also an ellipse with the long axis lying on the line y = −z, and forms

an angle of 45 degree with the (y, z)-plane. Note that the contour plots displayed in Figures

4(c1) and 4(c2) are the same because the dipole axis has equal weight on each direction.

The condensate widths σx, σy, σz in the x-, y-, and z-direction, respectively, are listed in

Table 4(a).
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(ii) Consider (1.11) with V (x) = (x2 + y2 + z2)/2, β = 207.16, and λ = 51.79. We

chose four different dipolar directions n = (0, 0, 1)T , n = (0, 1, 1)T /
√

2, n = (1, 1, 0)T /
√

2,

and n = (1, 2, 1)T /
√

6. Figure 5 shows the contour plots of |φ(0, y, z)|2, |φ(x, y, 0)|2, and

the isosurface plots of |φ(x)| = 0.08 for the ground state of the dipolar BEC with different

dipolar directions. Figure 5(a1) shows that the contour plot of |φ(0, y, z)|2 is an ellipse with

long axis parallel to the z-axis. By comparing to the contour plot of Figure 4(a1) we observe

that the coefficient β−λ of the cubic nonlinear term could affect the shape of the 3D dipolar

BEC. See the difference between Figures 4(a3) and 5(a3). It is straightforward to see that

the contour plots displayed in Figures 5(b1) and 5(c2) are the same because of the dipole

axis and the surfaces we choose. Note that the long axis of the ellipse shown in Figures 5(d1)

and (d2) lies on the line y = 2z and y = 2x, respectively, because the weight of the dipole

axis on the y-component is greater than those on the z- and x-component. The condensate

widths σx, σy, σz in the x-, y-, and z-direction, respectively, are listed in Table 4(b).

Example 5 (Pancake-shaped and cigar-shaped dipolar BEC). (i) When the condensates are

confined by a strong harmonic trap in the z-direction, the BEC shape will typically like a

pancake. Here we chose V (x) = (x2 + y2 +25z2)/2, n = (0, 0, 1)T , β = 207.16 and λ = 51.79

in (1.11), and ε2 = 0.7 in Algorithm 3.1. Figure 6(a) shows the solution curves of each outer

continuation iterate, where the bifurcation points μ1 = 2.48271, μ2 = 7.17415, μ3 = 5.82802,

μ4 = 6.46679, and we need to trace the first solution curves three times. The energy level

of the ground state solution is μ∗ = 10.67684. The isosurface plot of |φ(x)| = 0.05 for the

ground state solution is shown in Figure 6(b), where the shape is oblate. For comparison we

chose ε2 = 0.4. Figure 6(c) shows that we need to trace the first solution curves four times,

which requires more execution time than the former.

(ii-a) When the condensates are confined by a strong harmonic trap in the (y, z)-plane,

the BEC shape will typically be prolate like a cigar. We chose V (x) = (x2 +25y2 + 25z2)/2,

n = (0, 0, 1)T , β = 207.16 and λ = 51.79 in (1.11), and ε2 = 1.8 in Algorithm 3.1. Figure

7(a) shows that we need to trace the solution curves three times, where the bifurcation points

μ1 = 3.46633, μ2 = 10.20626, μ3 = 7.31243, μ4 = 9.07596, and the energy level of the ground

state solution is μ∗ = 18.63855. Figure 7(b) shows the isosurface plot of |φ(x)| = 0.05 for the

ground state solution, where the dipole axis is perpendicular to the cigar-shaped direction.

For comparison we also chose ε2 = 0.4. Figure 7(c) shows that we need to trace the first

solution curves six times, which is much more expensive than the former.

(ii-b) When the condensates are confined by a strong harmonic trap in the (x, y)-plane,

the BEC shape will typically be prolate like a cigar. We chose V (x) = (25x2 +25y2 + z2)/2,

n = (0, 0, 1)T , β = 207.16 and λ = 51.79 in (1.11), and ε2 = 0.2 in Algorithm 3.1. Figure
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8(a) shows that we only need to trace the solution curves twice, where the bifurcation points

μ1 = 3.46633, μ2 = 4.28289, μ3 = 4.17300, and the energy level of the ground state solution

is μ∗ = 16.96916. Figure 8(b) shows the isosurface plot of |φ(x)| = 0.05 for the ground state

solution, where the dipole axis is parallel to the cigar-shaped direction.

5. Conclusions

We have described the SCMs combined with the two-level continuation scheme for computing

the ground state solutions of the Schrödinger-Poisson system, where the first kind Chebyshev

polynomials and the Fourier sine functions were used as the basis functions for the trial

function space. The two-level continuation scheme combined with Fourier sine collocation

method supplies accurate numerical solutions for dipolar BEC and dipolar BEC in optical

lattices. The numerical results of Examples 1–3 are identical with those reported in [13]. In

addition, the results of Example 3 are more delicate than the counterparts in [13]. Based

on the numerical results reported in Section 4, we wish to give some concluding remarks

concerning the performance of Algorithm 3.1. In particular, we will discuss the physical

consequences of Examples 4–5 which are not reported in [13].

(i) The SCMs combined with Algorithm 3.1 can efficiently compute accurate ground state

solutions for 3D dipolar BEC when the harmonic trapping potential is isotropic, i.e.,

γ2
x = γ2

y = γ2
z , and is independent of the basis functions we use. However, when the

periodic potential is imposed on the GPE, it would be better to use the Fourier sine

functions as the basis functions rather than to use the Chebyshev polynomials or even

the Legendre polynomials. This is because the collocation points of the former locate

uniformly on the domain, while most collocation points of the latter locate uniformly

near the boundary, which can not fit the high oscillation of optical lattices.

(ii) In Examples 1–4 we only need to trace the first solution curves of the SP system once or

twice to compute the ground state solutions of 3D dipolar BEC and 3D dipolar BEC in

optical lattices. On the other hand, in Example 5 we need to trace the solution curves

either twice or three times. The results show that the cost of computing the ground

state solutions of 3D dipolar BEC is independent of the type of trapping potential we

choose, but more or less depends on whether the GPE is quasi-1D or quasi-2D.

(iii) From the numerical results of Example 5 we observe that when the condensates are

confined by a strong harmonic trap in the z-direction, i.e., the trap frequency in the

z-direction is much greater than those in the x- and y-direction, say, ω2
x = ω2

y � ω2
z ,
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then the governing equation for the 3D dipolar BEC degenerates to a quasi-2D GPE.

Thus the shape of dipolar BEC is confined on the (x, y)-plane, and looks like a pancake.

See Figure 6(b). Analogously, when the condensates are confined by a strong harmonic

trap in the (y, z)-plane, i.e., ω2
x � ω2

y = ω2
z , then the governing equation for the 3D

dipolar BEC degenerates to a quasi-1D GPE. Thus the shape of dipolar BEC looks

like a cigar which is parallel to the x-direction and perpendicular to the (y, z)-plane.

See Figure 7(b). Similarly, when the condensates are confined by a strong harmonic

trap in the (x, y)-plane, then the shape of dipolar BEC also looks like a cigar, and is

parallel to the z-direction. We conclude that the numerical results of Example 5 are

consistent with the theoretic prediction of dipolar BEC [20,32].
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Table 1: Different quantities of the ground state solution of dipolar BEC obtained using

Algorithm 3.1 (first row) and the backward Euler sine pseudospectral method (second row),

where V (x, y, z) = (x2 + y2 + 0.25z2)/2, n = (0, 0, 1)T , and β = 207.16.

λ μ∗ E Ekin Epot Eint Edip σx σz ρ(0)

−0.5β
3.9265 2.9568 0.2653 1.7218 0.8376 0.1321 1.1516 1.7789 0.01568

3.927 2.957 0.265 1.721 0.839 0.131 1.153 1.770 0.01575

−0.25β
3.8154 2.8832 0.2743 1.6768 0.8513 0.0809 1.1103 1.8846 0.01600

3.817 2.883 0.274 1.675 0.853 0.081 1.111 1.879 0.01605

0.0β
3.6821 2.7946 0.2860 1.6211 0.8875 0.0000 1.0667 1.9661 0.01689

3.684 2.794 0.286 1.618 0.890 0.000 1.066 1.962 0.01693

0.25β
3.5239 2.6894 0.3022 1.5528 0.9488 -0.1144 1.0176 2.0343 0.01843

3.525 2.689 0.303 1.550 0.950 -0.114 1.017 2.030 0.01842
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Table 2: The first bifurcation points and associated energy levels of (1.11) with various

choices of potentials, where n = (0, 0, 1)T , β = 401.432, and λ = 64.22912.

(a) The harmonic potential V (x, y, z) = (x2 + y2 + z2)/2

k μk |μk − μk−1| μ∗
k  μ∗

2,� ‖ϕ̃2,� − ϕ̃2,�−1‖
1 1.499103608 — 5.759102362 1 6.113461748 2.59e-05

2 2.404863787 0.905760179 6.164862372 2 6.109090403 1.18e-06

3 2.243135579 0.161728208 — 3 6.108440777 4.12e-07

4 6.108654507 1.47e-07

5 6.108585971 5.34e-08

6 6.108608817 1.97e-08

7 6.108600976 7.36e-09

8 6.108603738 2.77e-09

μ∗ = 6.108603738

(b) The double-well potential V (x, y, z) = (x2 + y2 + z2)/2 + 4e−z2/2

k μk |μk − μk−1| μ∗
k  μ∗

2,� ‖ϕ̃2,� − ϕ̃2,�−1‖
1 4.097792572 — 7.557791027 1 7.798126857 8.12e-06

2 4.665386406 0.567593834 7.825384750 2 7.798651607 2.38e-07

3 4.596890388 0.068496018 — 3 7.797968763 6.07e-08

4 7.798213430 2.29e-08

5 7.798124361 8.64e-09

6 7.798157185 3.25e-09

μ∗ = 7.798157185
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Table 3: The first bifurcation points and associated energy levels of (1.11) with periodic

potential V (x, y, z) = (x2 + y2 + z2)/2 + 100(sin2(πx/2) + sin2(πy/2) + sin2(πz/2)), where

n = (0, 0, 1)T , β = 401.432, and λ = 64.22912.

k μk |μk − μk−1| μ∗
k  μ∗

2,� ‖ϕ̃2,� − ϕ̃2,�−1‖
1 17.761137069 — 44.921067638 1 46.766377910 4.30e-05

2 23.171227052 5.410089983 46.831148476 2 46.759383322 1.59e-05

3 22.508523176 0.662703876 — 3 46.759219086 2.94e-06

4 46.759259694 5.51e-07

5 46.759252498 1.03e-07

6 46.759253758 1.94e-08

7 46.759253536 3.66e-09

μ∗ = 46.759253536

Table 4: The condensate widths of dipolar BECs with V (x) = (x2 + y2 + z2)/2, β = 207.16,

and different values of λ and n.

(a) λ = −103.58

n σx σy σz

(0, 0, 1)T 1.26742 1.26742 0.94056

(0, 1, 0)T 1.26742 0.94056 1.26742

(1, 1, 1)T /
√

3 1.16862 1.16862 1.16862

(b) λ = 51.79

n σx σy σz

(0, 0, 1)T 1.13586 1.13586 1.26454

(0, 1, 1)T /
√

2 1.13596 1.20143 1.20143

(1, 1, 0)T /
√

2 1.20143 1.20143 1.13596

(1, 2, 1)T /
√

6 1.15820 1.22259 1.15820
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(a) λ = −0.5β (b) λ = −0.25β

(c) λ = 0.0β (d) λ = 0.25β

Figure 1: The isosurface plots of |φ(x)| = 0.01 for the ground state solution of (1.11), where

V (x) = (x2 + y2 + 0.25z2)/2, n = (0, 0, 1)T , β = 207.16, and different values of λ.
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Figure 2: The solution curves, the contour plots of |φ(x, 0, z)|2, and the isosurface plots

of |φ(x)| = 0.01 for the ground state of (1.11) with n = (0, 0, 1)T , β = 401.432, and

λ = 64.22912 for the harmonic potential V (x) = (x2 + y2 + z2)/2 (first row) and double-well

potential V (x) = (x2 + y2 + z2)/2 + 4e−z2/2 (second row).
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sin2(πy/2) + sin2(πz/2)), n = (0, 0, 1)T , β = 401.432, and λ = 64.22912.
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Figure 4: The contour plots of |φ(0, y, z)|2, |φ(x, y, 0)|2, and the isosurface plots of |φ(x)| =

0.08 for the ground state of (1.11) with V (x) = (x2 + y2 + z2)/2, β = 207.16, λ = −103.58,

and different dipolar directions n.
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Figure 5: The contour plots of |φ(0, y, z)|2, |φ(x, y, 0)|2, and the isosurface plots of |φ(x)| =

0.08 for the ground state of (1.11) with V (x) = (x2 + y2 + z2)/2, β = 207.16, λ = 51.79, and

different dipolar directions n.
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Figure 6: The solution curves and the isosurface plot of |φ(x)| = 0.05 for the ground state

of (1.11) with V (x) = (x2 + y2 + 25z2)/2, n = (0, 0, 1)T , β = 207.16, and λ = 51.79, where t

represents the total execution time (in seconds).

2 4 6 8 10 12 14 16 18
0

0.2

0.4

0.6

0.8

1

1.2

μ

||φ
|| 2

 

 

the first iterate
the second iterate
the third iterate

ground state (φ∗,μ∗)

2 4 6 8 10 12 14 16 18
0

0.2

0.4

0.6

0.8

1

1.2

μ

||φ
|| 2

 

 

the first iterate
the second iterate
the third iterate
the fourth iterate
the fifth iterate
the sixth iterate

ground state (φ∗,μ∗)

(a) solution curves,

ε2 = 1.8, t = 52090.05

(b) |φ(x)| = 0.05 (c) solution curves,

ε2 = 0.4, t = 98733.63

Figure 7: The solution curves and the isosurface plot of |φ(x)| = 0.05 for the ground state

of (1.11) with V (x) = (x2 +25y2 +25z2)/2, n = (0, 0, 1)T , β = 207.16, and λ = 51.79, where

t represents the total execution time (in seconds).
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Figure 8: The solution curves and the isosurface plot of |φ(x)| = 0.05 for the ground state

of (1.11) with V (x) = (25x2 + 25y2 + z2)/2, n = (0, 0, 1)T , β = 207.16, and λ = 51.79.
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