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Abstract: A combined incompressible and vanishing capillarity limit in the
barotropic compressible Navier-Stokes equations for smooth solutions is proved.
The equations are considered on the two-dimensional torus with well prepared
initial data. The momentum equation contains a rotational term originating from
a Coriolis force, a general Korteweg-type tensor modeling capillary effects, and a
density-dependent viscosity. The limiting model is the viscous quasi-geostrophic
equation for the “rotated” velocity potential. The proof of the singular limit is
based on the modulated energy method with a careful choice of the correction
terms.

1. Introduction

The aim of this paper is to prove a combined incompressible and vanishing
capillarity limit for a two-dimensional Navier-Stokes-Korteweg system, leading
to the viscous quasi-geostrophic equation. We consider the (dimensionless) mass
and momentum equations for the particle density p(z,t) and the mean velocity
u(x,t) = (up(x,t),uz(x,t)) of a fluid in the two-dimensional torus T?:

Oyp +div(pu) =0 in T? t >0, (1)
O (pu) + div(pu @ u) + put + Vp(p) = div(K + 9), (2)
with initial conditions
p(-,0) = p° u(-,0)=u" in T?
Here, put describes the Coriolis force, u™ = (—usg,uy), the function p(p) = p? /v

with v > 1 denotes the pressure of an ideal gas obeying Boyle’s law, K is the
Korteweg-type tension tensor and S the viscous stress tensor.
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More precisely, the free surface tension tensor is given by
div K = ropV (o' (p)Aa(p)),

where kg > 0, which can be written in conservative form as

div K = kg div <(AS(,0) - ;S”(p)|Vp|2) - Vo(p) @ vg(p)> C®)

where S’(p) = po’(p)?, o(p) is a (nonlinear) function, and I denotes the unit
matrix in R**“. For a general introduction and the physical background of
Navier-Stokes-Korteweg systems, we refer to [8,13,23]. In standard Korteweg
models, k(p) = o’(p)? defines the capillarity coefficient [13, Formula (1.29)]. In
the shallow-water equation, often o(p) = p is used such that div K = pVAp
(see, e.g., [5,31]). Bresch and Desjardins [6] employed general functions o(p)
and suitable viscosities allowing for additional energy estimates (also see [24]).
If o(p) = \/p, the third-order term can be interpreted as a quantum correction,
and system (1)-(2) (without the rotational term) corresponds to the so-called
quantum Navier-Stokes model, derived in [9] and analyzed in [23].
The viscous stress tensor is defined by

div.S = 2div(u(p)D(u)),

where D(u) = 1(Vu+ Vu') and p(p) denotes the density-dependent viscosity.
Often, the viscosity in the Navier-Stokes model is assumed to be constant for the
mathematical analysis [15]. Density-dependent viscosities of the form pu(p) = p
were chosen in [5] and were derived, in the context of the quantum Navier-
Stokes model, in [9]. The choice u(p) = o(p) allows one to exploit a certain
entropy structure of the system [6].

In the special case o(p) = /p and without rotational term, the existence
of global (in time) weak solutions to (4)-(5) was shown in [23]. We discuss the
existence of local smooth solutions in the appendix.

Without capillary effects, system (1)-(2) reduces to the viscous shallow-water
or viscous Saint-Venant equations, whose inviscid version was introduced in [33].
The viscous model was formally derived from the three-dimensional Navier-
Stokes equations with a free moving boundary condition [18]. This derivation was
generalized later to varying river topologies [31]. The existence of global weak
or strong solutions to the Korteweg-type shallow-water equations was proved
in [6,8,19,20,22] under various assumptions on the nonlinear functions. In [§],
the authors obtained several existence results of weak solutions under various
assumptions concerning the density dependency of the coefficients. The notion
of weak solution involves test functions depending on the density; this allows
one to circumvent the vacuum problem. Duan et al. [12] showed the existence of
local classical solutions to the shallow-water model without capillary effects. For
more details and references on the shallow-water system, we refer to the review
[4].

The combined incompressible and vanishing capillarity limit studied in this
work is based on the scaling t — et, u — eu, u(p) — eu(p) and on the choice
ko = €2® (0 < a,e < 1), which gives

Orpe + div(peus) =0 in T?, ¢ >0, (4)
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1 1
Or(peue) + div(peue @ ue) + gpsusl + @V(PZ) - 252(0‘_1)pSV(UI(pS)AU(pE))

= 2div(p(pe) D(uc)), (5)

with the initial conditions
pE('vo) :pg7 U’E('?O) :ug in T2' (6)

The condition o < 1 is needed to control the capillary energy; see the energy
identity in Lemma 1 below.

When letting e — 0, it holds p. — 1 and p.u. — V+¢ = (—0¢/0x2,0¢/011)
in appropriate function spaces, where ¢ solves the viscous quasi-geostrophic
equation [32, Chapter 6] (see Section 2 for details)

h(Ap— 6) + (V6 - V)(A¢) = u(1)A% in T2, ¢ >0, (7)
o(-0) = ¢° i T2 (8)

The objective of this paper is to make this limit rigorous. Our proof requires
the (local) existence of a smooth solution to (7)-(8), which is shown in the
appendix. For a proof of global weak solutions in the whole space R?, we refer
to [16, Theorem 1.1].

Several derivations of inviscid quasi-geostrophic equations have been pub-
lished; see, e.g., [10,14,34]. The reader is also referred to the monograph [30]
for a more complete discussion of this model. The viscous equation was derived
rigorously for weak solutions from the shallow-water system in [5]. The proof is
essentially based on the presence of the additional viscous part div(pVu) and
a friction term in the momentum equation. The novelty of the present paper is
that these expressions are not needed and that more general expressions can be
considered. In particular, we allow for viscous terms of the type div(u(p)D(u)),
and no friction is prescribed.

In the literature, singular limits in PDEs arising in fluid mechanics have been
studied extensively. The first works on the incompressible limit were obtained
by Klainerman and Majda [25] and Ukai [35]. The low Mach number limit of
viscous compressible flows was proved by Desjardins and Grenier [11] and by
Levermore et al. [26], allowing for dispersive corrections to the stress tensor
(third-order terms in the velocity and temperature). Only few works are con-
cerned with compressible rotating fluids. Bresch et al. [7] proved the combined
low Mach and low Rossby limit in the compressible Navier-Stokes equations for
well-prepared initial data. The same limit for ill-prepared data was shown by
Feireisl et al. [16]. Finally, let us mention the work [17] in which the Mach and
Rossby numbers are proportional to certain powers of a small parameter and,
depending on the powers, its limit leads to the two-dimensional incompressible
Navier-Stokes system or to a linear fourth-order equation for the limiting func-
tion ¢.

In the following, we describe our main result. In order to simplify the presen-
tation, we assume that the nonlinearities are given by power-law functions:

a(p)=p°, wp)=p" forp=>0,
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where s > 0 and m > 0. The exponents s and m cannot be chosen freely; we
need to suppose that

1 1
0<s<1, mzs—i—fgi. 9)
2 2
This assumption includes the quantum Navier-Stokes model s = 1/2, m = 1
and the shallow-water model with s = 1, m = 3/2. Furthermore, we assume

that the initial data are sufficiently regular (ensuring the local-in-time existence
of smooth solutions)

p? € HE(T?), u? € H*=1(T?), ¢° € H**1(T?), where k > 2,
and that they are well prepared:
Ge(90) = ¢°, e (pl = 1) = ¢°, Vplul = V0, eIV /2 — 0 (10)
in L?(T?) as ¢ — 0, where p2 = 1 + e¢? (this defines ¢?),

G:(¢:) = gSign(Qﬂe) V h(1+e¢e), pe=1+¢o, (11)

and the internal energy h(p) is defined by h”(p) = p'(p)/p = p*~2 and h(1) =
h'(1) = 0 (see (13) for an explicit expression). Note that the convergence e =1 (p?—
1) = ¢% in L?(T?) implies that G.(¢2) — ¢" in L'(T?) if p? is bounded in
L>(T?) (see (17)).
Theorem 1. Let 0 < a < 1 and v > 1. We suppose that (9) holds and that
the initial data satisfy (10). Furthermore, let (pe,u:) be the classical solution to
(4)-(6) and let ¢ be the classical solution to (7)-(8), both on the time interval
(0,T). Then, as e — 0,
pe — 1 in L>(0,T; L7 (T?)),
peie — V¢ in L°(0,T; L*/0FD(T2)),
Furthermore, if s < § and v >2(1—s) orif s=1 and v > 2,
pe = 1 in L>(0,T; LP(T?)),

pete — Vo in L>(0,T; LY(T?)),

foralll<p<ooandl<gq<2.

The proof is based on the modulated energy method, first introduced by
Brenier in a kinetic context [2] and later extended to various models, e.g. [1,3,
28]. The idea of the method is to estimate, through its time derivative, a suitable
modification of the energy by introducing in the energy the solution of the limit
equation. We suggest the following form of the modulated energy:

1.0 = [ (%l = V0P + 51Gul0n) - o + 22 Voo ) d

2 [ [ wpoID() - D(VH0) s, (12)
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These terms express the differences of the kinetic, internal, and Korteweg ener-
gies as well as the viscosity. Differentiating the modulated energy with respect
to time and employing the evolution equations, elaborated computations lead to
the inequality

H.(t) < C’/t H.(s)ds +o(1), t>0,
0

where o(1) denotes terms vanishing in the limit ¢ — 0, uniformly in time. The
Gronwall lemma then implies the result.

The paper is organized as follows. In Section 2, we derive the energy identi-
ties for the shallow-water system and the quasi-geostrophic equation and give a
formal derivation of the latter model from the former one. Theorem 1 is proved
in Section 3. In the appendix, we discuss the existence of local smooth solutions
to (4)-(5) and give an existence proof for local smooth solutions to (7)-(8).

2. Auxiliary results

In this section, we derive the energy estimates for (4)-(5) and derive formally
the quasi-geostrophic equation (7). Based on the definition h”(p) = p'(p)/p,
h(1) = h'(1) = 0, we can give an explicit formula for this function:

h(p) = ﬁ(/ﬂ—l—v(p—l))a p=0. (13)

v—1
The energy identity for (4)-(5) is given as follows.
Lemma 1. Let (p.,u:) be a smooth solution to (4)-(6) on (0,T). Then the en-

erqy identity
dE.

dt
holds, where the energy E. and energy dissipation D, are defined by, respectively,

+D.=0, te(0,7),

1 1
E. = / (Qh(pg) + —peluc* + 252(“_1)V0(p5)|2) dz,
T2 & 2

D. =2 / ulp)| D) P

Proof. Multiply (4) by e 21 (p.) — 5 |uc|? — 2@V’ (p.) Ao (pe), integrate over
T2, and then integrate by parts:

2
1 1 1
0= / (Tath(ps) - 7h/l(p€)vP€ : (psus) - *|u€|28tp€ + pette - Ve - U
T \€ € 2

+4e2" VY0 (p.) - Voo (pe) — 262D div(pgus)ol(pE)Aa(pg))dm.

1

Multiplying (5) by u. and integrating over T? gives, since uZ - u. = 0,

1
0= /2 (@(pua) e — pe(ue ® ue) @ Ve + ;2,03 'Vpe - ue
T

+ 2207V g" (p.) Ao (pe) div(peue) — 2u(pe) D(ue) : Vu5>da;,
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where “:” means summation over both matrix indices. Observing that h satisfies

h"(pe) = p2?=? and using the identity D(u.) : Vue = |D(u.)|?, the sum of the
above two equations becomes

d 1 1 _
G [ (Fh00 + ol + 220V ¥a ()2 o

4 2/ 1(p) | D(u2)Pdz = 0,
TQ

which proves the lemma.
A consequence of the energy identity is the following estimate.

Lemma 2. Let (pe,u:) be a smooth solution to (4)-(6) on (0,T). Then there
exists C' > 0 such that for all 0 < e < 1,

llpe = Ulzo0,7:07(12)) < Cemin{l2/7} - fy > 1, (14)

lpe — Ulzoe(o,mir2(r2)) < Ce if v > 2. (15)
Proof. If v = 2, h(p) = 1(p — 1), and the result follows immediately from
Lemma 1. Let v > 2. We claim that h(p) > |p — 1|7/(y(y — 1)) for p > 0.
Then the result follows again from the energy identity. Indeed, the function
flp) =p" —1—7(p—1) —|p— 1|7 is convex in (3,00) and concave in (0, ).
Since the values f(0) = v — 2 and f(3) = /2 — 1 are positive, f > 0 on
[0, %] Furthermore, f(1) = f/(1) = 0 which implies, together with the convexity,
that f > 0 in [}, 00), proving the claim. Finally, let v < 2. By [29, p. 591],

h(p) > crlp — 1|? for p < R and h(p) > cg|p — 1|7 for p > R, for some cgr > 0
and R > 0. Hence, using Hélder’s inequality and v < 2,

/2
1pe = U Trgpey < C (/ lpe — 1I2dw> +/ pe = 1da
{pESR} {pE>R}

v/2
<C (/ h(pg)dac> +C h(pe)dx
{p-<R} {p>R}

<C(E+e*) <Ce,

where here and in the following C' > 0 denotes a generic constant not depending
on e. Estimate (15) for v > 2 follows from

I = Wy = [ (o= 12z < C [ hipoydn < 22

which finishes the proof.

We perform the formal limit € — 0 in (4)-(5). For this, we observe that (4)
can be written in terms of ¢. = (p. — 1) /e as follows:

1
Ore + div(deue) + - divu. = 0.
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We apply the operator divt (defined by divt(vy,vs) = —0vy )8z + Ova/da1)
to (5) and observe that div*(p.ul)/e = divu. /e + div(¢.u.) = —0yée, by the
above equation. Then we find that

O divL(pEuE) +div* div(petie ® u:) — Opope
= 2e2 D divt (p-V (o' (p:)Aa(pe))) + 2 div div(u(pe) D(ue)). (16)

By the energy estimate, p. — 1 (in L>(0,T; L7(T?))). Assuming that ¢. — ¢
and u. — V1 ¢ in suitable function spaces and employing the relations

divt div(Vt e ® VEg) = (Vo - V)(Ag), 2divt div(D(Vie)) = A%,
the formal limit in (16) yields the limit equation (7). The initial condition reads

as ¢(+,0) = ¢°, where ¢° = lim. g ¢.(-,0) in T?. The energy and the energy
dissipation of (7) equal

1
Fo=g [ (VoF + s, Dy=2(1) [ |D(V*0)Pda.

Multiplying the limiting equation by ¢ and using the properties
[ (750 Via0pds =0, [ (a0Piz=2 [ D7)
T2 T2 T2
we find the energy identity of the viscous quasi-geostrophic equation:

— +Dg=0, t>0.
a + Do =

3. Proof of Theorem 1
First, we prove the following lemma.
Lemma 3. Let T >0, v > 1, and 0 < o« < 1. Then
Elig(l) H.(t) =0 wuniformly in (0,T),

where H, is defined in (12).

Proof. Using the definitions of the energy and energy dissipation as well as the
relation 1G.(¢.)* = e 2h(p.), we write

() = (B + B0 + [ (D +D)(s)ds+ 5 [ (e = DIV 0P
/( (¢:) — ¢5)¢dx—/ pelie -V ¢dl‘—/ P-pdx
2 / [ (o) = )| 0) s

. 1
4 /0 /T plpe)D(u) - D(T*6)dds
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=L+ +1s.

The aim is to estimate dH./dt. To this end, we treat the integrals I, or their
derivatives term by term. By the energy estimates, < (I; + I5) = 0. The integral

) di
I3 cancels with a contribution originating from I5; see below. The estimate of
Iy,...,Is (or their derivatives) is performed in several steps.

The key point is the estimate of the modulated potential energy I,. We show
by elementary estimations that I, = o(1) as € — 0. The estimate of the modu-
lated kinetic energy I5 is new although parts of the estimates ressemble those in
[28]. In the estimations of I, I7, and Ig, some terms cancel with those coming
from I5. These estimates are are also new and ingenious but not difficult.

Step 1: estimate of I,. L’Hopital’s rule shows that for v > 1,

lim h(l—;—z) _ }’ i & (h(l—i—z) _1> _1-2

2—0  z 27 20z 22 2 6
Therefore, there exists a nonnegative function f, defined on [0,00), such that
h(1+4 z) = $2%f(z) for z > 0, and a function g, defined on [0,0), such that
f(z) =1 = zg(z) for z > 0. Furthermore, the inequalities f(z) > f(0) = 1 and
lg(z)] < C(1 + 20737 hold, where z* = max{0, z}. Finally, we claim that
f(z) = 2h(1+2)/2% > 2(1 + 2)772/(y(y — 1)) for 2 > 0 and v > 4. Indeed,
the function w(z) = h(1+ z) — 22(1 + 2)772/(y(y — 1)) is convex in [0, 00) and
w(0) = w’(0) = 0, which implies that w(z) > 0 in [0,00), proving the claim.
With these preparations, we can estimate the difference G.(¢.) — ¢. appearing
in Iy:

|G(¢e) — ¢e| = |sign(ee) <\£§ V h(1+epe) — |¢E|> | = |l V flege) — 1‘

_ |¢6| |f(5¢5) — 1| _ |¢€| |€¢E| ‘g(E(bE)‘.

VIege) +1 VIege) +1

In view of the bounds for f and g as well as the relation e¢. = p. — 1, we infer
that

_3)t+
o 14 p07%

V f(E(be) + 1

This bound allows us to estimate I,. Indeed, if 1 < v < 4, by (14),

Ge(9e) — 6el < Cloe 1 a7)

C min -
Iy(t) < ;H(ZS”LM(O,T;LOQ(’JI‘Q))HPE - 1||%°O(O,T;L1(’I[‘2)) < Ce?mintl2/M =1 = o(1)

uniformly in (0,7). Here and in the following, the constant C' > 0 depends on
¢ and its derivatives but not on e. If v > 4, we have, using the upper bound of
f(z) for v > 4, (17), and 1 + e = pe,

1+ _C

C
GE e) E<7 8_127
Gu(62) = 0el < Zhpe — 1P i — < 7

|pe — 1|2(1 + pgv*3)*(7*2)/2)_

We employ estimates (14)-(15) and Holder’s inequality to conclude that

14(t) < CH¢||L°°(0,T;L°O(T2))5_1Hps - 1||L°o(o,T;L2(1r2))||Pe - 1HL°°(O,T;L7(T2))
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(v—4)/2
x (1+ HPEHL’YOO(O,T;L’Y(’]I‘Z)))
< C52/7||¢||L°°(0,T;L00(T2)) = o(1).

Step 2: estimate of dl5/dt. Inserting the momentum equation (5) and inte-
grating by parts, it follows that

dIs

= = 8t(p€u€)~VL¢dx—/ petic - VE0,pdx
dt 'H‘2 'H‘Q

1
:—/ ps(u€®u5):va¢dx+g/ peut - V4iedr
T2 T2
1
+?/ vpg-vwdxd—zg?(a—l)/ pV (o' (p-)Ac(p:)) - V*E¢da
Y Jr2 T2

2 [ plp) D) sV ods [ poue - Va0
T2 T2
= Jl + e _|_ J6~

We treat the integrals Ji,...,Js term by term. The integral Jo can be written

as .
Jo = 7/ pelie - Vod.
€ ']1‘2

The third integral vanishes since div V+ = 0:

1 .
Jg = 2 ) p? div(V+te)dr = 0.

Using the identity (3) and div V* = 0, we compute
1
n=e) [ ((a800) - 38 (pIV0P ) div(v0)
T2

~ (Vol(p.) ® Vo(pe) : vvw) de
< CH..

Integration by parts and using div V+ = 0 again yields
Ty == [ upoyue - (9 A6+ V div(94 )
- /1T2 1 (p)(Vpe @ e +u: ® Vpe) : VV - gda
_ /Tr w(pe)ue - V- Adde

o [ D (905 @ (i) + (o) © Volon) - VT o
T2 v/ Pe0 (pE)

The assumptions on g and o (see (9)) yield u'(pe)/(/peo'(p:)) = p?_s_lm.

Hence, applying the Cauchy-Schwarz inequality, the last integral is bounded
from above by

ClIV0 (o)l x| Vpte 2y < Ce*17) = o(1).
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We conclude that
Js < —/ w(pe)ue - V- Apd + o(1).
']I‘?

The integral Jg remains unchanged. Finally, we estimate J;. To this end, we add
and substract the expression V»'¢ such that J; = K; + - - - + K4, where

Ky =— /T pe(us — Vo) @ (ue — Vo) : VVLode,
Ky = —/Tz PV p @ u. : VVgda,
Ko== [ pou© Vho: V9 o
K, = /T pV1to @ Ve : VVLodz.
The first integral can be bounded by the modulated energy:
K < C/T? Pelte — Vl¢|2dx < CH..
A reformulation yields
Ko == [ peue (946 9)9*0)da.

We employ the continuity equation (4) to find

1 1
K3 = —7/ peue - V|VEo|2ded = 7/ div(peu.)|V* ¢ dx
2 T2 2 T2

1
— _5/ di(pe — 1)| Vo2 dx
'I[‘2

CNd [ L[
=53 L= DIV R+ 5 [ (o= 10V o
dls
= —— 1).
sy o)

Finally, using again divV+ =0,
Ki== [ (V56 V)V40) - Vhode
’]I‘Q
== [ o= (V- 9)V46)  Voods — [ (946 9)946) - VEodo
T2 T2
= [ o= (V- 9)V40) - Viode - 5 [ Vo V(T o)
T2 2 Jp2

== [ o= D((V6-9)740) - T oda 4 5 [ div(V )|V o

= o(1).
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In the last step, we have employed estimate (14) for p. — 1. Summarizing the

estimates for K1, ..., K4, we have shown that
dls n n
Jy <CH, — e (V- V)V*9) - (peue)dz + o(1).
T2
Then, summarizing the estimates for Jy, ..., Js, we obtain
dls dls 1
<CH. — - -Vaod
dt dtJrg/szEuE ¢de

- [ (@ 90 )T+ ()T 20) - ()i
- /T (1(pe) = n(D)pe)ue - V Addz + o(1).

The last integral can be estimated by employing the assumptions on p and
Hoélder’s inequality:

/ ppe) — pu(1)pe
N/

We claim that the first factor on the right-hand side is of order o(1). To prove
this statement, we consider first % <m<1:

Vet - VEAdz < Ol|pl 2 = pl/?| vz || V/petie | 2 (r2)

o2 = Py < [ 2 = 1P

_ 2(1
< HPE”zLT(Té)HPe 1||Lp(1r;r; )

where p = 2y(1 — m)/(y — 2m + 1). The inequality p < « is equivalent to
~v > 1. Note that the Holder inequality can be applied since we supposed that

2m — 1 < ; see (9). Second, let 1 < m < 2 (the case m = 1 being trivial). We
compute

T — m— m 1
v 1/2—p§/2||L2<T2)S/TQ/JEI,OE—HZ( Vdz < lpellzr o) lloe — 1750w

where ¢ = 2y(m —1)/(y — 1), and ¢ < if and only if m < (v + 1)/2. Finally, if
2 <m < (y+1)/2, we find that

P /2 1/2HL2(T2) < 0/2 pe(1+ P?72)2|Ps —1da

< O+ )22 llpe = 11l oo,

with r = 2v/(y — 2m + 3) satisfying r» < « if and only if m < (y + 1)/2. We
conclude that

(pe) — p(1)pe 3
A2 T\/FTEUE : VJ_A(Zde < Cllpe — ]‘HL’Y(Tz)
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for some 8 > 0, and together with (14), this shows that the integral is of order
o(1). Therefore,

dl dly; 1
—2 < CH, - ==+ - -Vod
dat = °F dt+s/szEu5 ¢dz

- /'Jl‘ (0 + V' -V)VEe + n(1)VEAQ) - (pous)dr +o(1).  (18)

Step 3: estimate of dIg/dt. Employing (4) and (7), we can write

I
oy _ _ / Orpepda — / ¢ Oppdx
dt Tz ']I‘2

- 1/ div(peue)pdx — / ((8t +Vie- V)(Ap) — u(l)A2¢)¢edx

3

= —% /JI‘2 Pele - Vodx
+ [ (@ + V0 V)(VE9) - u(1)VE A9) - Vo, (19)
T2

We observe that the first integral on the right-hand side cancels with the corre-
sponding integral in (18). To deal with the second integral, we employ again the
momentum equation (5). We write

%Vpg = (v = 1Vh(p:) + V(p: — 1) = (v — 1)Vh(p:) + V..

Then, because of (ul)+ = —u,, (5) is equivalent to
Vl(ba = Pelle — €F5L7
where

5=
2

F. = 0¢(peue) + div(peue @ ue) + ! Vh(pe) — 2div(u(pe)D(ue))
_ g2(a=1) (VAS(pE) _ %V(S"(pg)\pEP) —div (Vo(p:) ® Vo(pg))).

Replacing V+¢. in the second integral in (19) by the above expression gives
(@4 956 9)(40) - u()V*-20) - V6.
T2
= / (0 + V50 V)(VE9) = p(1)VFA9) - (peuie — eF2)dav.
T2

We claim that the integral containing F-- is bounded in an appropriate space.
Indeed, let ¢ be a smooth (vector-valued) test function. The first term of F. is
written in weak form as follows:

T T
/0 [ Oupeue) - o = /0 /T et birds + /T (peue)(t) - U(D)d
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- [ et vio)da.
T2

These integrals are bounded if p.u. is bounded in L>°(0,7; L*(T?)). This is the
case, since mass conservation and the energy estimate show that

1 1
/ |peue|dz < 5/ pedz + 5/ p5|u€|2d5ﬂ
T2 T2 T2

is uniformly bounded in (0,7). An integration by parts gives

T T
/ / div(peue @ ue) - dads = f/ / Pelle @ ue : Vipdads,
o Jr2 o Jr2

and this integral is uniformly bounded, by the energy estimate. Furthermore,
again integrating by parts,

A

) —2div(u(p )D(ug))> -tpdxds

. / / (S5 bl = 2o D) ) - udaas,

which is uniformly bounded since we can estimate

/OT /TQ |1(pe) D(ue)|dwds < ;/OT /Tz p(pe)dxds + ;/OT /w p(pe)| D (ue) *dxds

and p(pe) < C(1+ p?). Also the remaining terms are bounded since

2(a—1 r 1 1" 2
2o [ [ (VAS(p) = 5(0) = 598" () V)
— div(Vo(pe) ® w(pm) pdads
S ”/ [ (800 = S Adiv i+ 58" (p IVl div

— (Vo(ps) @ Vo(pe)) : V¢)dmds.

Using the Holder continuity of S(z) = (s/2)2%%, z > 0, the first summand can
be estimated by C|p. — 1|mi“{1’25}. We infer that the corresponding integral is
of order o(1). We formulate the second summand as

t
152(0471)(25_1)// Vo (pe)|? div pdads.
2 0 T2

In view of the energy estimate, this integral as well as the third summand are
uniformly bounded. This shows that

[ (@4 V46 V)(V-6) — (DV*20) - To.da
’]1‘2

= /Tz (0 + V4o - V)(VE) — w(1)VEA9) - (peuc)dz + o(1),
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and consequently, (19) becomes

dlg 1
_— = —— . d
Lo 2 /T et Voda

+ [ (@4 V6. 9)(940) = (194 20) - (o + (1),

Step 4: estimate of dI7/dt. The function u satisfies |pu(z) — p(1)] = [z —1| <
|z — 1™ if m < 1and |p(z) — p(1)| < CA+ 2" Y|z = 1] if m > 1, for 2 > 0.
Therefore, if m < 1, taking into account (14),

dI7 m
dt <2|lpe — 1||L<X>(07T;L’v(’]r2))||D(VJ_¢)||2L00(07T;L2’v/('v—M)(’]1‘2))

< Ce™ min{1,2/'y}'

Moreover, if 1 < m < (y + 1)/2, using Hélder’s inequality,

dl;
at < C(l + Hpe||L°°(O,T;L(""*I)W/("V*U(11‘2))) ||Ps - 1||Lf>°(0,T;LW(T2))

< Cgmin{l,Z/fy}.
The norm of p. is uniformly bounded since (m — 1)y/(y — 1) < « is equivalent

tom <.
Step 5: estimate of dIg/dt. Integration by parts yields

dl
dits = / NI(Pe)VPe @ Ug : VVL¢d$ + 2/ M(ps)ui ’ VLA(;SdLL'
T2 T2
= L/E)Va(pg) ® (y/peue) : VV*odx
12 \/Pe0’ (pe)

+2 [ (o) = Ve T+ Agda + 200 [ prue - 9+ g,
T2 T2

By definition of p and o (see (9)), it follows that

dlg m—
= S ClIVa(pe)llza(e) lvpetell Lz ny + Cll? Y2 — 2| 2o | pue |l p2 2y

+ 2u(1)/ pete - VEAgda.
T2

Because of the energy estimate, the first summand is of order o(1). The second
summand has been estimated in Step 2, and it has been found that it is also of
order o(1). This shows that

I
% < 2u(1)/ petic - VEApdz + o(1).
’H‘Z

Step 6: conclusion. Adding the estimates for dI,/dt,...,dIs/dt, most of the
integrals cancel, and we end up with

dH. dly
< CH. + =2 4 o(1).
o <CH. + 7 +o(1)
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Integrating over (0,t) gives

H.(t) < H.(0) + C/Ot H_(s)ds + Iy(t) — 14(0) + o(1).

By Step 1, I4(t) = o(1). Furthermore, I4(0) = o(1) by assumption. It holds that
H_.(0) = o(1) since
IV/P2(u = VE6°) | r2r2y < 1V pQud = V40| n2(r2) + 111 = V/pQ)VH° |2 (r2)
< IVo2ug = V" Lacre)
+ 111 = 2l L2y V60l e (r2)
=o(1)
and since the initial data are well prepared. Then the Gronwall lemma implies

that H.(t) = o(1) finishing the proof.

We are now in the position to prove Theorem 1 which is a consequence of
Lemma 3. We observe that by (14), p. — 1 in L>(0,T; L7(T?)) and, using the
Holder inequality and 2v/(y + 1) < 7,

| peue — VLQbHLOO(O,T;L2v/(w+1)(’]l‘2))
< |IVPell Lo 0,127 (12)) lIv/Pe (tie = V)| L 0,7522(12))
+ lpe = Ul oo (0,75220 /40 (12 IVl Lo (0,750 (72
< Cllvpe(te = V)|l L 0,15L2(12)) (20)
+ Cllpe — 1| oo (0,727 (T2))-
We conclude that p.u. — V+¢ in L>(0,T; L*/ O+ (T?)).

Next, let v > 2(1—s) and 0 < s < 1/2. Because of assumption (9), i.e. v > 2s,
we have 2v/(v 4+ 2(1 — s)) <+, and hence,

pe — 1 in L=(0,T; L*/0+20=9))(T2))

as ¢ — 0. Furthermore, since a < 1, Vo (p.) — 0 in L>(0,T; L*(T?)) as e — 0
and thus, by Hoélder’s inequality,
1V (ps — 1)”L°°(07T;L27/(7+2(1—S))(’11‘2))

= [lo"(p) " Vo (pe)ll oo (0,3 127/ (20-2) (12)) (21)

< HPEH};;S((),T;Lw(Tz))HVU(PE)HLO"(O,T;LQ(T’“)) — 0.
We infer that p. — 1 in L>°(0, T; W127/(0+2(1=5))(T2)). Because of the contin-
uous embedding W27/ (r+2(1=5))(T2) <y [7/(1=5)(T?2), this implies that p. — 1
in L>(0, T; LY/ (1=9)(T?)). Since 27v/(y+2(1—5)?) < v/(1—s), this gives p. — 1
in L>(0,T; L27/(7+2(1_3)2)(T2)). Applying the same procedure as in (21) again,
we obtain

IV (pe = 1)HLoc(o,T;szwu(l—s)Z)(Tz))

< ”pE”}J;s(o,T;Lw/(l*S)(T%)Hva(pf)”LW(OvT?LZ(TQ)) — 0.
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Hence, p. — 1 strongly in L>(0,T; W27/ (F20-9*)(T2)) and in L>(0,T;
L”’/(1*3)2(']T2)). Repeating this argument, we conclude that p* — 1 in L*°(0, T}
LP(T?)) for all p < oco.

For the momentum, we obtain for p > 1

| peue — vl<Z5||L°°(0,T;L2P/<P+1>(TQ))
< Iv/Pell Lo 0,75220 (12)) l1v/Pe (e — V@) | Lo 0,752 (12))
+ e = Ul o,75220 40 (12)) IV Bl Low (0,725 (12))
< CllVpe(ue = V@)l s (0,7;2212))
+ Cllpe — 1| Lo (0,1;7(12))-

This shows that p.u. — V¢ in L>(0,T; LI(T?)) for all ¢ < 2.

Finally, let v > 2 and s = 1. Then p. — 1 in L®(0,T; H'(T?)) and, by
the continuous embedding H'(T?) — LP(T?) for all p < oo, also p. — 1 in
L>(0,T; LP(T?)) for all p < co. The theorem is proved.

A. Local existence of smooth solutions

The local existence of smooth solutions to the Navier-Stokes-Korteweg system
(4)-(5) can be shown similarly as in [27]. We only sketch the proof since it is
highly technical and does not involve new ideas. First, we rewrite (4)-(5), setting
P = pe, u = uc, and € = 1. Taking the divergence of (5) and replacing div 9;(pu)
by (4), which has been differentiated with respect to time, we obtain

O%p — %Ap” + 200" (p)?A?p = — div div(pu @ u) — div(pu™)
+ 2div div(u(p) D(w)) + Flo],

where F[p] = 2div(pV (o’ (p)Ac(p))) — 2pa’(p)?A?p involves only three deriva-
tives. This formulation allows one to treat the momentum equation as a nonlinear
fourth-order wave equation for which existence and regularity results can be ap-
plied. In order to derive some regularity for the velocity, Li and Marcati [27]
assumed that curlu = 0. Then u is reconstructed from the problem

1
divo=——(0yp+Vp-u), curlv=0, / v(t)de = u(t).
P T2
Theorem 2.1 in [27] gives the existence of a unique solution u € H*"1(T?) to this
problem, provided that the right-hand side satisfies —(9;p+ Vp-u)/p € H*(T?).

Actually, Li and Marcati replace the right-hand side by —(9;p+ Vp-u) /v, where
1) solves the mass equation

O +ddive+u-Vp=0, t>0, ¥(0)=p".

The reason is that this equation can be solved explicitly, yielding strictly pos-
itive solutions 1. The existence proof is based on an iteration scheme: Given

(pp7 ¢p7 Up, Up), solve

divopt1 = fp(t), curlvy,yr =0, / vpt1(t)dz = u(t),
T2
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Opt1 + Ypp1dive, +up, - Vp, =0, t>0, 9(0)= P,
1
a?tpp+1 - ;Ap;ﬁrl + 1/1p0/(¢p)2A2pp+1 =gy(t), t>0,

pp+1(0) = p%, Bippi1(0) = —p° diva® — Vp° - uf,
Opupy1 + u;_+1 = hp(t),

where f,(t), gp(t), and h,(t) contain the remaining terms (see [27, Section 3] for
details). The existence of solutions to these linear problems follows from ODE
theory and the theory of wave equations. The main effort is now to derive uniform
estimates in Sobolev spaces H¥(T?). This is done by multiplying the above
equations by suitable test functions and assuming that 1" > 0 is sufficiently small.
By compactness, there exists a subsequence of (py, ¥, up, vp) which converges
in a suitable Sobolev space to (p,v,u,v) as p — oo. This limit allows us also
to show that p = ¢ > 0 and u = v. This shows the existence of local smooth
solutions under the assumption of irrotational flow curlu = 0.

Next, we prove the existence of local smooth solutions to the quasi-geostrophic
equation (7). We set p := p(1) > 0.

Theorem 2 (Local existence for the quasi-geostrophic equation). Let
po € C°°(T?). Then there exists T > 0 and a smooth solution ¢ to (7)-(8) for
0<t<T.

Proof. The idea of the proof is to apply the theory of linear semigroups. Let p > 2
and let A, : W2P(T?) — R, A,(u) = —pAu+u. Then A, is a sectorial operator
satisfying R(A\) = 1 for all A € og(A4,), where o(A4,) denotes the spectrum of
A,. Consequently, A, possesses the fractional powers Af, for § > 0, defined on
the domain X#? = D(Ag ). This space, endowed with its graph norm, satisfies
XBP s Wha(T?) if k—2/q < 28—2/p, ¢ > p [21, Theorem 1.6.1]. Let max{1 —
1/p,1/2 4+ 1/(2p)} < B < 1 and set X := X?P. The operator A, generates
an analytical semigroup e *4r (¢t > 0) [21, Theorem 1.3.4], and the following
estimates hold for all ¢ > 0 [21, Theorem 1.4.3]:

14pe™ 7l 1o (r2y < CtPe™" |lul Lo cray,
(e = Dol gy < CE Aol o) < Clollx
for 0 <& <1,ue LP(T?), and v € X.
Next, we reformulate (7). Set v = ¢ — A¢p. Then (7) can be written as a
system of two second-order equations:
—Ap+¢dp=u inT? t>0, (22)
Dy — A+ 1 = (V46 9)(6 — u) + ulu — 9) + . (23)
We employ a fixed-point argument. Let 7" > 0 and R > 0. We introduce
the spaces Y = C°([0,T];X) and Br = {u € Y : |ju —u°||y < R}, where
u? = —AgY + ¢ € C®(T?). Given u € Y C C%J0,T]); LP(T?)), let ¢ €

L>°(0,T; W2P(T?)) be the unique solution to (22) satisfying the elliptic esti-
mate [|¢[[y2.p(r2) < Cllul|Le(r2). Then define

t
J(u) = e=tAngd 4 / =94 P ((s), u(s))ds, where
0
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F(¢,u) = (V¢ V)(6 —u) + plu— ) +u.
Using the continuous embedding W?2?(T?) < W12P(T?) and the elliptic esti-
mate for ¢, we infer the estimate
| F (¢, w)|| Lo 0,730 (12)) < Clluellpoe 0,75w 120 (2)) (1 + [[ull oo 0,051 20 (72)) )
< Cllullpos (o,1x) (1 + llull L 0,7:x))
= Cllully (1 + [lully)-

The last inequality follows from the embedding X — W12P(T?) which holds for

B>1/2+1/(2p).
We show that J maps Bgr into Br and that J : B — Bp is a contraction
for sufficiently small 7 > 0. Let 7 > 0 be such that |[(e=*** — Iug||zr(r2) <

CT?||u’||x < R/2. Then, for u € Bg,

17 (u )—u°||Y<Obup I(e™* — D)l 1o r2)

+ sup L/Q\L4 e F(6(s), u(s))| x ds

o<t<T

R _ s
SA5+-supt/<t—s>¢3 5= || F(6(s), u(s)) || x ds
o<t<T Jo
R CTF
< 5+ o Il (L ) < B,

if T'> 0 is sufficiently small, using that u € Bgr. Thus J(u) € Bg. In a similar
way, we show that, for given u, v € Bp,

1-8
9~ Iy < T

Again, choosing 7" > 0 small enough, J becomes a contraction, and the fixed-
point theorem of Banach provides the existence and uniqueness of a mild solution
on [0,T].

It remains to prove that the mild solution is smooth. Since § > 1 — 1/p,
we have X <« W?2P/2(T?) and hence v € L>®(0,T;W>?/2(T?)) c L>(0,T;
WLP(T4)). Furthermore, Vo € L°°(0,T; W1P(T?)) c L*°(0,T; L°(T?)) (here,
we use p > 2). This shows that d;u+A,(u) € L>(0,T; LP(T?)). Parabolic theory
implies that u € L9(0,T; W*P(T?)) for all ¢ < oo. This improves the regularity
of ¢ to ¢ € LU0, T; WHP(T?)). Hence, dyu + A,(u) € L1(0,T; L>°(T?)), and a
bootstrap procedure finishes the proof.

(fully + flofly )l = vy

Acknowledgement. The first author acknowledges partial support from the Austrian Science
Fund (FWF), grants P22108, P24304, and 1395 and from the National Science Council of Tai-
wan (NSC) through the Tsungming Tu Award. The second author was supported by the NSC,
grant NSC101-2115-M-009-008-MY2. The third author acknowledges partial support from the
Tsz-Tza Foundation of the Institute of Mathematics, Academia Sinica (Taipei, Taiwan). He
thanks Clément Mouhot for his kind invitation to visit the University of Cambridge during
the academic years 2011-2013. Part of this work was written during the stay of the first au-
thor at the Center of Mathematical Modeling and Scientific Computing, National Chiao Tung
University (Hsinchu, Taiwan), and at the Institute of Mathematics, Academia Sinica (Taipei,
Taiwan); he thanks Chi-Kun Lin and Tai-Ping Liu for their kind hospitality.



An asymptotic limit of a Navier-Stokes system with capillary effects 19

References

1. M. Bostan. The Vlasov-Maxwell system with strong initial magnetic field: guiding-center
approximation. Multiscale Model. Simul. 6 (2007), 1026-1058.

2. Y. Brenier. Convergence of the Vlasov-Poisson system to the incompressible Euler equa-
tions. Commun. Part. Diff. Egs. 25 (2000), 737-754.

3. Y. Brenier, R. Natalini, and M. Puel. On a relaxation approximation of the incompressible
Navier-Stokes equations. Proc. Amer. Math. Soc. 132 (2004), 1021-1028.

4. D. Bresch. Shallow-water equations and related topics. In: C. Dafermos et al. (eds.), Hand-
book of Differential Equations: Evolutionary Equations, Vol. V, pp. 1-104. Elsevier, Am-
sterdam, 2009.

5. D. Bresch and B. Desjardins. Existence of global weak solutions for a 2D viscous shallow
water equations and convergence to the quasi-geostrophic model. Commun. Math. Phys.
238 (2003), 211-223.

6. D. Bresch and B. Desjardins. Some diffusive capillary models of Korteweg type. C. R.
Acad. Sci. Paris, Sec. Mécanique 332 (2004), 881-886.

7. D. Bresch, B. Desjardins, and D. Gérard-Varet. Rotating fluids in a cylinder. Discr. Con-
tin. Dyn. Syst. 11 (2004), 47-82.

8. D. Bresch, B. Desjardins, and C.-K. Lin. On some compressible fluid models: Korteweg,
lubrication, and shallow water systems. Commun. Part. Diff. FEqs. 28, (2003), 843-868.

9. S. Brull and F. Méhats. Derivation of viscous correction terms for the isothermal quantum
Euler model. Z. Angew. Math. Mech. 90 (2010), 219-230.

10. B. Desjardins and E. Grenier. Derivation of quasi-geostrophic potential vorticity equations.
Adv. Diff. Egs. 3 (1998), 715-752.

11. B. Desjardins and E. Grenier. Low Mach number limit of viscous compressible flows in
the whole space. R. Soc. Lond. Proc. Ser. A 455 (1999), 2271-2279.

12. B. Duan, L. Luo, and Y. Zheng. Local existence of classical solutions to shallow water
equations with Cauchy data containing vacuum. SIAM J. Math. Anal. 44 (2012), 541-567.

13. J. Dunn and J. Serrin. On the thermomechanics of interstitial working. Archive Ration.
Mech. Anal. 88 (1985), 95-133.

14. P. Embid and A. Majda. Low Froude number limiting dynamics for stably stratified flow
with small or finite Rossby numbers. Geosphys. Astrophys. Fluid Dyn. 87 (1998), 1-50.

15. E. Feireisl. Dynamics of Viscous Compressible Fluids. Oxford University Press, Oxford,
2004.

16. E. Feireisl, I. Gallagher, and A.Novotny. A singular limit for compressible rotating fluids.
SIAM J. Math. Anal. 44 (2012), 192-205.

17. E. Feireisl, I. Gallagher, D. Gerard-Varet, and A. Novotny. Multi-scale analysis of com-
pressible viscous and rotating fluids. Commun. Math. Phys. 314 (2012), 641-670.

18. J.-F. Gerbeau and B. Perthame. Derivation of viscous Saint-Venant system for laminar
shallow water; numerical validation. Discrete Contin. Dyn. Sys. B 1 (2001), 89-102.

19. B. Haspot. Existence of global strong solutions for the shallow-water equations with large
initial data. Preprint, http://arxiv.org/abs/1110.6100, 2011.

20. B. Haspot. Existence of global strong solutions for the Saint-Venant system with large
initial data on the irrotational part of the velocity. C. R. Acad. Sci. Paris Math. 350
(2012), 249-254.

21. D. Henry. Geometric Theory of Semilinear Parabolic Equations. Springer, Berlin, 1981.

22. L. Hsiao and H.-L. Li. Dissipation and dispersion approximation to hydrodynamical equa-
tions and asymptotic limit. J. Part. Diff. Egs. 21 (2008), 59-76.

23. A. Jingel. Global weak solutions to compressible Navier-Stokes equations for quantum
fluids. SIAM J. Math. Anal. 42 (2010), 1025-1045.

24. A. Jingel. Effective velocity in Navier-Stokes equations with third-order derivatives. Non-
lin. Anal. 74 (2011), 2813-2818.

25. S. Klainerman and A. Majda. Singular limits of quasilinear hyperbolic systems with large
parameters, and the incompressible limit of compressible fluids. Commun. Pure Appl.
Maith. 34 (1981), 481-524.

26. C. D. Levermore, W. Sun, and K. Trevisa. A low Mach number limit of a dispersive
Navier-Stokes system. STAM J. Math. Anal. 44 (2012), 1760-1807.

27. H.-L. Li and P. Marcati. Existence and asymptotic behavior of multi-dimensional quantum
hydrodynamic model for semiconductors. Commun. Math. Phys. 245 (2004), 215-247.

28. C.-K. Lin and K.-C. Wu. Hydrodynamic limits of the nonlinear Klein-Gordon equation.
J. Math. Pures Appl. 98 (2012), 328-345.

29. P.-L. Lions and N. Masmoudi. Incompressible limit for a viscous compressible fluid. J.

Math. Pure Appl. 77 (1998), 585-627.



20

30.
31.
32.
. A. de Saint-Venant. Théorie du mouvement non-permanent des eaux, avec application aux
34.

35.

Ansgar Jiingel, Chi-Kun Lin, Kung-Chien Wu

A. Majda. Introduction to PDEs and Waves for the Atmosphere and Ocean. Courant
Lecture Notes in Mathematics, Vol. 9. Amer. Math. Soc., Providence, 2003.

F. Marche. Derivation of a new two-dimensional viscous shallow water model with verying
topology, bottom friction and capillary effects. Europ. J. Mech. B/Fluids 26 (2007), 49-63.
J. Pedlosky. Geophysical Fluid Dynamics. Springer, New York, 1990.

crues des rivieres et a l'introduction des marées dans leur lit. C. R. Acad. Sci. Paris 73
(1871), 147-154.

S. Schochet. Singular limits in bounded domains for quasilinear symmetric hyperbolic
systems having a vorticity equation. J. Differ. Egs. 68 (1987), 400-428.

S. Ukai. The incompressible limit and the initial layer of the compressible Euler equation.
J. Math. Kyoto Univ. 26 (1986), 323-331.



