THE CUTOFF PHENOMENON FOR EHRENFEST PROCESSES

GUAN-YU CHEN!, YANG-JEN FANG2, AND YUAN-CHUNG SHEU?

ABSTRACT. We consider families of Ehrenfest chains and provide a simple
criterion on the LP-cutoff and the LP-precutoff with specified initial states for
1 < p < co. For the family with an LP-cutoff, a cutoff time is described and
a possible window is given. For the family without an LP-precutoff, the exact
order of the LP-mixing time is determined. The result is consistent with the
well-known conjecture on cutoffs of Markov chains proposed by Peres in 2004,
which says that a cutoff exists if and only if the multiplication of the spectral
gap and the mixing time tends to infinity.

1. INTRODUCTION

Consider a time-homogeneous Markov chain on a finite set 2 with one-step
transition matrix K. Let K'(z,-) denote the probability distribution of the chain
at time ¢ starting from state x. It is well-known that if K is ergodic (irreducible
and aperiodic), then

lim K'(z,y) = (y) VryeQ

where 7 is the unique invariant probability of K on €. Denote by k! the relative
density of K*(x,-) with respect to , that is, k% (y) = K*(x,y)/m(y). For 1 < p < oo,
define the LP-distance by

1/p

Dy(x,t) = ||k, = Ul o = | D KL (y) — 117 (y)
yeQ

For p = oo, the L>-distance is set to be Dy (z,t) = max, |k%(y) — 1|. In the case
p = 1, this is exactly twice of the the total variation distance between K*(x,-) and
7, which is defined by

Drv(w,t) = [K*(x,) = 7llrv = max{K*(z, A) — w(A)}.

For p = 2, it is the so-called chi-square distance. For any ¢ > 0 and 1 < p < o0,
define the LP-mixing time by

Tp(z,e) =min{t > 0: Dy(z,t) <€}

The concept of cutoffs was introduced by Aldous and Diaconis in [1, 2, 3] to
capture the fact that many ergodic Markov chains converge abruptly to their sta-
tionary distributions (in total variation and separation). We refer the reader to
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[6, 7, 13, 14, 15] for details and further discussions on variant examples. In a
word, when 1 < p < 0o, a family of finite ergodic Markov chains (£2,,, K, 7,,) with
specified initial states x, has an LP-cutoff with cutoff time ¢,, if

0 ifa>0
li Dn n;l tn) = s
w35, Drpln, (14 0)tr) {oo it —1<a<0

where D,, , denotes the LP-distance of the nth Markov chain. The definition for
cutoffs in total variation, separation and L'-distance is the same as above expect
the replacement of the limit oo with 1 in total variation and separation and with 2
in L!-distance.

In [6], the authors discussed a number of variants of cutoffs and produced, in the
reversible case, a necessary and sufficient condition for the existence of a max-LP-
cutoff, which is a cutoff in the distance maxgzeq Dp(z,-) with 1 < p < co. In [7],
there establishes an equivalent condition on the L?-cutoff for families of Markov
processes with specified initial distributions assuming the associated semigroups
are normal. Also, a formula on the L2-cutoff time was introduced in [7], based
on a complete information of the spectral decomposition. This is in contrast with
techniques and results in [6] which do not involve much in spectral theory.

Consider the Ehrenfest chains. For n > 1, let ,, = {0,1,...,n} and K,, be the
Markov kernel of the Ehrenfest chain on €2,, defined by
(1.1) Kn(z',i—kl):l—%, Kn(i—i—l,i)zl—;l, VO<i<n-—1.

It is a simple exercise to check that the unbiased binomial distribution, 7, (i) =
(?)2*", is the invariant probability of K, and the pair (K,,m,) is reversible, i.e.
Tn (1) K (2,7) = 1o (J)Kn(4,9) for all 4,5 € Q,. By lifting the chain to a random
walk on the hypercube, one may use the group representation of (Z2)™ to identify
the eigenvalues and eigenvectors of K, as follows.

Lemma 1.1. The matriz defined in (1.1) has eigenvalues
9
Bui=1-= 0<i<n,
n

with L?(r,,)-normalized eigenvectors

(1.2) Uni(w) = (TD_UZ i(_nk(i) (TZ‘_Z) 0<i,z<n.

k=0

See, e.g., [8] for a proof. Based on the above result, Chen and Saloff-Coste
obtained the following theorem.

Theorem 1.2 ([7, Theorem 6.5)). Let K,, be defined in (1.1) and set K], = (I +
nk,)/(n+1), m,(i) = (})27". Then, the following are equivalent.
(1) The family {(Q, K, mn) : n=1,2,...} with starting states (x,)52, has an
L?-cutoff.
(2) |n—2x,|/v/n— 00 as n — 0.
Moreover, if (2) holds, then

- 2 n
Too(on,€) = “log In =22,

5 NG + Oc(n), ¥Ye>0.



THE CUTOFF PHENOMENON FOR EHRENFEST PROCESSES 3

The notation O.(n) denotes a sequence in n whose absolute values are bounded
above by Ccn for all n > 1 with 0 < C, < o0.

The aim of this paper is to provide a necessary and sufficient condition on the
LP-cutoff of Ehrenfest chains with 1 < p < oo and describe the LP-cutoff time if
any. For 1 < p < oo, the eigenfunctions are useful in bounding the LP-distance but,
however, they do not work very well in bounding the total variation distance of the
associated semigroup from below. A path comparison to the simple random walk
on Z is proposed to get suitable lower bound and this leads to the following result.

Theorem 1.3. As in the setting of Theorem 1.2, the following are equivalent. For
p € [1,00),
(1) The family {(Q, K, m) : n=1,2,...} with starting states (x,)52, has an
LP-cutoff.
(2) The family {(Qy, K/, 7n) : n=1,2,...} with starting states (x,)°2, has an
LP-precutoff.
(3) |n —2x,|/v/n — 00 as n — 0.

Moreover, if (2) holds, then

— 2z,
Ty (s €) = " g 7 220l

2% Um

For p =1, the above identity remains true with ¢ € (0, 2).

+ O p(n), Ve>0,pe (1,00).

This theorem is a special case of Theorem 4.1 and 5.1. The concept of precutoff
will be introduced in the next section. In the case p = 1, it has been proved in [7]
that (3) is sufficient for (1). As the Ehrenfest chain is a birth-and-death chain, we
refer the reader to [9, 10] for more results on cutoffs, where the first article treats the
cutoff in separation for chains starting from one end-point and the second article
considers the max-total variation cutoff for lazy chains. Both of them introduce a
universal criterion on cutoffs but the Ehrenfest chain is out of their categories.

The remaining of this article is organized in the following way. In Section 2,
we recall various notions of cutoffs and quote useful results from [6]. In Section
3, we recall some well-known results for simple random walks on Z, which will be
used in latter context, and provide a proof on them. In Section 4, we deal with
the total variation cutoff for the Ehrenfest chains in both the continuous time and
discrete time cases. Those ideas inspired in this section are in fact applicable to
more general models. In Section 5, we treat the LP-cutoff and spell out the results
along with the open problems.

2. CUTOFFS

Throughout the oncoming sections, the term (€, K, 7, 1) will be used to denote a
time-homogeneous irreducible Markov chain on € with one-step transition matrix
K, invariant probability = and initial distribution p. Write (Q, Hy, 7, 1) as the
continuous time Markov chain associated with (Q, K, 7, u) if H, = e tU=K)  the
semigroup associated with K. If the chain starts at state x, we write (Q, K, 7, z)
and (2, Hy, m, z) instead. For any two sequences of positive numbers, say t,, s, the
notation s, = O(t,,) means that there are N > 0 and C > 0 such that s, < Ct,
for all n > N. If both s, = O(t,) and t,, = O(s,) hold, we simply write ¢, < s,,.
If t,,/s, — 1 as n — oo, write t,, ~ s, for short.
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In this section, we recall various definitions of cutoffs and a series of related
results from [6]. The notion of cutoff can be developed for any family of non-
increasing functions taking values on [0, oc]. The following definitions treat the L?-
cutoff for families of finite ergodic Markov chains with specified initial distributions
in discrete time case. We refer the reader to [6] for further details and examples.

Definition 2.1. Let F = {(Q,, K, ™, tn) : 1 = 1,2, ...} be a family of irreducible
and aperiodic finite Markov chains. For p € (1, o], the family F is said to present:

(1) An LP-precutoff if there is a sequence t, > 0 and constants 0 < A < B
such that

le Dy, p(pin, Br) =0, lirginf Dy, p(pin, An) >0,

where B,, =inf{j > 0:j > Bt,} and A,, =sup{j > 0:j < At,}.
(2) An LP-cutoff if there is a sequence t,, > 0 such that, for all € € (0, 1),

nlgrgo Dnyp(:um kn(e)) =0, nh_EI;O Dn,:D(:U'n’ ﬂ(_e)) = 00,

where k,(€) = inf{j > 0:j > (1 + €)k,} and ky(e) = sup{j > 0:j <
(14 €)tn}.
(3) A (tn,b,) LP-cutoff if ¢, > 0, b, > 0, b, = o(t,,) and

Hn (e =0, Im Fyle) =eo,

where

E(C) = limﬁsup Dn,p(,u'n» k(?’L, C))’ &(C) = llnrggf D"»P(MTME(”? C))v

and k(n,c) = inf{j > 0:j > t, +cb,} and k(n,c) =sup{j > 0:j <
t, + cby}.
The definition for the case p = 1 follows if oo is replaced by 2.

The definition agrees with that in [6]. In (2) and (3), ¢, is called an LP-cutoff
time and b,, is a window with respect to ¢,. In (3), the functions, F, and F),, give

an idea on how the cutoff evolves and is sometimes called the shape of the (t,,b,)
cutoff.

Remark 2.1. Note that, for ¢ > 0, the mapping ¢ — D, ,(n,t) is non-increasing.
This implies that, if ¢,, tends to infinity (or equivalently T, (g, €) — oo for some
e > 0) in Definition 2.1, it makes no difference to replace A4,, with | At,, | or [At,],
and so for the replacements of B,,, kn(€), kn(€), k(n,c), and k(n, c).

Remark 2.2. In the continuous time case, the definition of cutoffs in Definition 2.1
follows in the intuitive way. That is, A,, = At,,, B, = Bty, kn(€) = kn(€) = (1+€)t,
and k(n,c) = k(n,c) = t, + cby,.

Remark 2.3. According to Definition 2.1, if a family has no LP-precutoff (resp. LP-
cutoff), then the new family obtained by merging this one with any other still has no
LP-precutoff (resp. LP-cutoff). This implies that if a subfamily has no LP-precutoff
(resp. LP-cutoff), then the original family has no LP-precutoff (resp. LP-cutoff).
But, however, there might exist another subfamily that has an LP-precutoff (resp.
LP-cutoff).
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Definition 2.2. Let (Q, K, 7, 1) be an irreducible finite Markov chain and p €
[1,00]. For € > 0, the e-LP-mixing time (or briefly the LP-mixing time) is defined
to be

Tp(p,€) :=1inf{t > 0: D,(p,t) < €},
where the right side is set to be infinity if the infimum is taken over an empty set.
If (Q, Hy, m, 1) is the continuous time chain associated with K, write the LP-mixing
time as

Ty (py€) :=inf{t > 0: Dp(p,t) < e},
where D5 (u,t) is the LP-distance between pH; and .

The concept of cutoff can also be described using the notion of mixing time.
For instance, assuming T;, ,(e) — oo for some € > 0, a family of irreducible and
aperiodic Markov chains has an LP-cutoff if and only if

lim T}, (ten, €)/ T p(tin, 8) =1, Ve, 6 € (0, M,),
n— oo

where M, = co if p > 1 and M7 = 2. See [6, Proposition 2.3-2.4] for further details
and relationships.

We end this section by introducing the following lemmas and corollary, which
provide an idea on proving or disproving cutoffs.

Lemma 2.1 ([7, Proposition 2.1)). Let F = {(Qn, Kpn,Tn, fin) :n = 1,2,...} be a
family of irreducible and aperiodic Markov chains. For any subsequence & = (£,)5% 4
of positive integers, set Fe = {(Q¢,, K¢, ,me,, pte,) :n = 1,2,..}. Let p € [1,00]
and assume T, ,(€) = oo for some € > 0. Then, the following are equivalent.

(1) F has an LP-cutoff (resp. (tn,bn) LP-cutoff).

(2) For any subsequence &, F¢ has an LP-cutoff (resp. (te,,be,) LP-cutoff).

(3) For any subsequence £, there is a further subsequence &' such that F¢r has

an LP-cutoff (resp. (te ,ber) LP-cutoff).

Remark 2.4. In Lemma 2.1, (1)=(2)=(3) also holds true for the LP-precutoff.

Lemma 2.2. Let F = {(Q, Ky, T, fin) : 1= 1,2,...} be a family of irreducible
and aperiodic Markov chains and p € [1,00]. Suppose that there is € > 0 and
an — 00 such that T, p(pin,€) < an and Ty, p(tn,d) = O(ay,) for all 0 < 6 < e.
Then, the following are equivalent.
(1) F has no LP-precutoff.
(2) For allc>0,
limsup Dy, p(ptn, |can]) > 0.

n—oo
(3) Asd — 0,
TT! >y 6
lim sup 7"[)(” ) — 0.
n— 00 a/’ﬂ

Proof. (2)<(3) is obvious from the definition of the LP-mixing time. By the mono-
tonicity of the LP-distance, the converse statements for (1) and (2) are exactly

(1)> F has an LP-precutoff.
(2)’ There is C' > 0 such that

lim Dy (. [Ca ) = 0.
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We prove the equivalence of (1) and (2) by showing (1)’<(2)’ instead. First, assume
that F has an LP-precutoff and, according to Remark 2.1, let ¢, >0and 0 < A < B
be constants such that

hnn—1>1£f Dy, p(tin, [Atn]) = €0 > 0, nh_}n;o Dy, p(fin, | Btn]) = 0.

Let 6 < min{e, ¢y} and choose N > 0,7 > 0 such that
Dy, p(pin, [Atn]) > 6 > Dy p(tin, | Btn]), Tnp(tn,d) < Cian, Vn > N.
The former implies At,, < T), ,(tn,d) < Bt, and, then,

BTn,p(Mna (5) < BCl

Bt,, < = Qy,-

This yields
lim sup Dy, ,(ftn, | BCran/A]) < limsup Dy, p(pin, | Btn]) = 0.
n— 00 n—oo

Second, assume (2)’ and choose Cy > 0 such that T}, , (i, €) > Caay and a, >
2/Cs. Then, for n > 1,

D p(fins [C230/2]) = Dyt [Cotn — 11) = Doyt Tl €) — 1) > € > 0.
This proves the LP-precutoff. O

The following is a simple corollary from Lemma 2.2, which surveys the LP-
precutoff in a more strict way.

Corollary 2.3. As in the setting of Lemma 2.2, the following are equivalent.
(1) No subfamily of F has an LP-precutoff.
(2) For all ¢ >0,
liminf Dy, ,(pin, [can]) > 0.

n— o0
(3) Asd — 0,
lim inf 7Tn’p('u"’ 9)

n—00 an

— Q.

Remark 2.5. Tt makes no difference to replace |ca,]| with [ca,] in (2) of Lemma
2.2 and Corollary 2.3.

Remark 2.6. Lemma 2.1-2.2 and Corollary 2.3 can be generalized to any family of
non-increasing functions defined on {0,1,2,...} or [0,00). In particular, they hold
for the continuous time Markov chains without the assumption T}, ,(pr,€) — 00
and a,, — oo.

3. SIMPLE RANDOM WALKS ON Z

This section is contributed to the establishment of some frequently used inequal-
ity related to the simple random walk on integers. A simple random walk is a
discrete time Markov chain (X,,)52, whose transition matrix is given by

K(i,i+1)=K(i,i—1)=1/2, VieL.
For m > 1, let T, be the first passage time to the set {+m}, i.e.
(3.1) T =inf{n >0: X, =m or X,, = —m}.

For the continuous time case, let N(t) be a Poisson process with parameter 1 and
independent of X,, and set Y; = Xy ;). Clearly, Y; is a realization of the semigroup
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H, = e *0=K) associated with K and the first passage time to {£m} is denoted
by
(3.2) T =inf{t >0:Y;, =mor Y, = —m}.

Theorem 3.1. Let Tm,fm be the random times defined in (3.1)-(3.2) and Py be
the conditional probability given the initial state is 0. Then, for any b > 1 and
m > 5,

min{Po(T,, > bm?),Po(Ty, > bm?)} > e~ 2.

Remark 3.1. This theorem says that, regardless of discrete time or continuous time
cases, the simple random walk starting from the origin never reaches +m before
time m? with positive probability uniformly over m.

To prove this theorem, we introduce the following proposition.

Proposition 3.2. Let K be the transition matriz of an irreducible birth-and-death
chain on {0,1,...}. For m > 1, let 7, and T,, be respectively the first passage
times to state m associated with the discrete time and continuous time chains. Let
ALy oy A be the eigenvalues of the submatriz of I — K indezed by {0,1,...,m —1}.
Then, A\; € (0,2) for 1 <i<m, \; # \j fori# j, and

m

s
(3.3) Po(rm >k)=> | ] o | )"
i=1 \jij#i 7 '
and
~ - Aj —tA;
(3.4) Po(Tm > t) = Z H o e
j = A

i=1 \jij#i

Remark 3.2. The right side of (3.4) is exactly P(T > t), where T is a sum of m
independent exponential random variables with parameters A1, ..., A;,. Assuming
Ai € (0,1) for all 1 < i < m, the right side of (3.3) is equal to P(T" > k), where
T is a sum of independent geometric random variables with success probabilities
Ay ey A

Proof of Proposition 3.2. The proof for the continuous time case is available in [4],
while the proof for the discrete time case follows in the same spirit. O

Back to the setting of the simple random walk. Observe that
Po(Ty > k) = Po(|Xi| < m, Vi <k), Po(Tpm >t) = Po(|Xs| < m, Vs < t).
By the symmetry of the walk starting from 0, one may collapse states i to achieve
Po(T > k) = Ph(1m > k), Po(Tn > t) = Py (T > t),

where P} is the probability for the birth-and-death chain on {0,1,...} with initial
state 0 and transition matrix K’ given by

K'(0,1)=1, K'(iyi—1)=K'(i,i+1)=1/2, Vi>1.

Here, 7,,, and 7,,, are the first passage times to state m associated with the discrete
time and continuous time chains driven by K’. Applying the method introduced in
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[11, Section XIV.5], the eigenvalues and eigenvectors for the submatrix of I — K’

indexed by 0,1,...,m — 1 are

(2i — )7 (2i —1)(j — D)7
2m 2m ’

We first treat the continuous time case. Let Sy, ..., .5,, be independent exponen-

tial random variables with parameters \;. As a consequence of Proposition 3.2,
replacing ¢ with bm? yields

Ai =1 — cos ¢i(j) = cos Vi,j e {1,...,m}.

Po(Ton > bm?) = P(Sy + - + Sy > bm?) > P(S) > bm?) = e ™M > ¢=20

where the last inequality uses the fact 1 — cost < t2/2. For the discrete time case,
the periodicity of K’, which is of period 2, implies A; > 1 for some i. This prevents
us from doing the same reasoning as the continuous time case. An idea to erase
the periodicity of K’ is to consider the lazy walk with transition matrix (I + K’),
since the eigenvalues of the submatrix of I — (I + K’) indexed by {0,...,m — 1}
are contained in (0,1). To see the detail, let (X)), be the birth-and-death chain
with transition matrix K’ and define Z,, = X}, /2. Obviously,

Po(Zns1 = 1|Zy = 0) = Py( X310 = 21X5, = 0) = 1/2.
For ¢ > 0,
Po(Zpy1 =i+ 1|2, = 1) = P{(XS, 40 = 20+ 2|X5, =2i) =1/4
and
Poy(Znr =1 —1|Z, = i) = Py( X5, 400 = 20 — 2|X5, =2i) =1/4
and, for i > 0,
Po(Zn1 =i Zn = i) = Py(Xop 40 = 20| X5, = 2i) =1/2.

This implies that given X = 0, or equivalently Zy = 0, (Z,)%2, is a Markov chain
on {0,1,...} with initial state 0 and transition matrix 3(I + K’). Furthermore, by
the periodicity of K’, if m is even and positive, then

Po(Tm > k) = Po(X] <m, Vi < k) =Py(Z; <m/2, Vi < |k/2]).
If m is odd and m > 1, then
Po(Tm > k) =Py(X] <m,Vi<k—1)=Py(Z; < (m—1)/2, Vi < [(k—1)/2]),

where the last equality uses the fact that, given X = 1, the process (X3, — 1),
has the same distribution as (Z,,)22, with Zy = 0. Let 7/, be the first passage time

to m of the chain (Z,)52,. Putting all above together yields
Po(Ton > k) = Po(Tim > k) > Po(7],,,/2) > [k/2]).

Note that the eigenvalues of the submatrix of I—3(I+K’) indexed by 0,1, ..., [m/2|—
1 are A\;/2 € (0,1), 1 <i < [m/2]|. By Proposition 3.2, if kS”i,...,kS"Lm/2J are inde-
pendent geometric random variables with success probabilities A1/2, ..., X[ 2/2,

then, for any positive integer k,

Lk/2]
Po(Ty, > k) >P(S] + -+ S/Lm/2j > [k/2]) > (1 + Cos(7r/2(2Lm/2J))> '
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Replacing k with |[bm?2], b > 1 and m > 1 gives

Po(Tn, > bm?) > (1 + COS(W/Q@U”/QJ))) L&/2] < (1 + cos(7r2/(m _ 1)))bm2/2

T bmn? 71_2 bm?
= JR— > 1 - > —2b
( 2(m — 1)) - ( 8(m — 1>2> -

where the last inequality uses the fact log(1 —¢) > —12¢/11 for ¢t < 1/12 and asks
m > 5.

4. THE TOTAL VARIATION CUTOFF OF EHRENFEST CHAINS

This section is dedicated to the total variation cutoff of Ehrenfest chains. First,
recall the setting in (1.1). For n > 1, let Q, = {0,1,...,n} and K,, be the transition
matrix of the Ehrenfest chain on 2, given by

,+ 1
(41)  Kali+)=1-—, Ky(i+14)= ",
n n

VO<i:<n-—1.

It is easy to see that K, is irreducible with stationary distribution m, (i) = (?)2’”
for 0 <4 < n and of period 2. Concerning the periodicity of K,, and the semigroup
associated with K, consider

1 n = tt ;
4.2 K,=——T+——K,, Hyz=e 075K = )KL
(4.2) L L S ;ei!”
The total variation distance between (K/,)" (resp. H,:) and m, with initial state
Ty, is defined by

Dy ov(@n,t) = féah)i [(K7) (2, A) = 70 (A)]

and
D%,Tv(xmt) = g&%’i |Hn,’t(xm A) = mn(A4)].
The total variation variation mixing time is set to be
Tn’Tv(fL’n, 6) = mln{t 2 0 . Dn’Tv(xn,t) S 6}
and

TC

n

For p € [1,00], let Dy, p, Dy, , and T, ,, T); , be the LP-distances and the LP-mixing
time in the discrete and continuous time cases.

ov(Tn, €) :=min{t > 0: Dy 1y (2, 1) < €}

n

Remark 4.1. The coupling, a classical probabilistic technique, was introduced by
Aldous and Diaconis to control and further to identify the total variation distance.
See [2] and the references therein for details.

According to the above setting, it is clear that the total variation distance is
exactly half of the L'-distance and has 1 as its maximum. In the same spirit, the
total variation cutoff is consistent with the L'-cutoff and, thus, the definition is the
same as in Definition 2.1 except the replacement of co by 1. The following theorem
deals with the total variation cutoff of Ehrenfest chains.

Theorem 4.1. Forn > 1, let z,, € Q,,. Consider the families F = {(Q,, K], Tn, ) :
n=12 ..} and Fo = {(Qn, Hot,Tn,Tn) : n = 1,2,...}. Then, the following are
equivalent.
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(1) F (resp, F.) has a total variation precutoff.
(2) F (resp, F¢) has a total variation cutoff.
(3) |n —2z,|//n — 0.
Furthermore, if (3) holds, then both F and F. have a (tn,n) total variation cutoff
with
ty = log L — 22|
n 2 \/ﬁ M
Remark 4.2. The window size n is optimal in the sense that, if F or F. has a
(tn,bn) total variation cutoff, then n = O(b,). See [6] for details on variants of
window optimality.

Proof of Theorem 4.1. (3)=-(2) and the (¢,,n) total variation cutoff under (3) has
been proved in [7]. (2)=(1) follows from the definition. For (1)=-(3), we assume
(3) fails and prove F and F, have no total variation precutoff. By Remark 2.3, it
suffices to show that, if |z, —n/2|/y/n is bounded, then no subfamily of F and F,
has a total variation precutoff. The proof consists of three steps.

Stepl: Bounding the total variation from above. Note that the total varia-
tion distance is bounded above by the chi-square distance. That is,

2D rv(7,t) < Dpa(z,t), 2D; py(x,t) < Dy o(z,t).

Using the reversibility of K,, and Lemma 1.1, the L?-distance can be expressed as
follows.

n N
Dttt = et (1-2)

i=1

(/2] 9 \ 2 9 2t
<2 ) (1— ) + (1— )
— n+1 n+1
Ln/2]
<2 Z |?/1nz |2 —4it/(n+1) +ef4t/(n+1)’

where 1, ; is the function defined in (1.2) and the first inequality applies the identity
Unom—i(z) = (=1)%y, (x) for all z,i € {0,1,...,n}. It is worthwhile to note that
the summation in the last line is also an upper bound for the continuous time case
since

(D5 5, )] Zwm )[Pe it

Ln/2J
<2 Z Wm |2 —4it/(n+1) +e—4nt/(n+1)

Observe that ¢, ;(z) = (?)1/2Pi(1’, 1/2,n), where P;(z,p,n) is the Krawtchouk

polynomial, i.e.
1
Pi(xap7n) = 2F1 ( p) .

See [12] for the definition. Using the following recurrence relation

(TL - Qx)Pl(xv 1/2,n) = (n - i)‘Pile(xv 1/2,7’L) + Z‘Pifl(xv 1/2,”),

—i, —T
—n
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we may rewrite

(43) 1/1n,¢+1(96) = %An,iwn,i(x) - Bnﬂ’d}n,ifl(x)u
where
o n o i(n—1i+1)
Ani = (i +1)(n—1i)’ Bn,i = (i +1)(n—1)

Obviously, for n > 2 and 1 < ¢ < n, A,; < 1 and B,; < 1. By setting r =
1+ sup, {|n — 2z,|/v/n} < 0o, we obtain

[Vn,iv1(xn)| < (1= D)|[ni(x0)] + [Yni-1(zn)|, V1 <i<n.
Along with the boundary condition,
[Wno(@n)l =1, [¥na(zn)]l =In—2za|/vn < (r—1),
the above inequality yields
[thn,i(zn)] < rt, Y0 <i<n.

Putting this back to the computation of the L2-distance derives, for any positive
integer N > %log(2r2),

max{Dn rv(2n, N(n +1)), D} oy (25, N(n + 1))}
1/2

1 [n/2] | & 1/2
<29 2 —4iN | _—4nN <2 2 —4iN
ay  p(2a e e

r2e—4N 1/2 -
<|——— < -
- (2(1 — 7‘264N)> =re ’

where the last inequality uses the fact e! > 1+ ¢ for ¢t > 0. Hence, for all € € (0, 1)
and n > 2,

max{T,, rv(zn,€), T,‘{’Tv(xm €)} < f% log 2{} (n+1).

Step 2: Bounding the total variation from below: Discrete time case. In
this step, we treat the discrete time case. Note that K can be interpreted in the
following way. First, flip a coin with probability n/(n + 1) landing on heads and
evolve the chain according to K, if a head appears. If the tail shows up, then the
chain keeps in current state. Since the coin has a high preference on heads, the
periodicity of K, still plays an important role in the evolution of K/,. This implies
that the set partitioned by the period is a candidate of the testing set for the total
variation. In the case of Ehrenfest chains, the set is either even integers or odd
integers. From the viewpoint of the spectral theory, the period of any reversible
finite Markov chain is either 1 or 2. Assuming the reversibility, a chain is periodic if
and only if —1 is an eigenvalue of its transition matrix. Intuitively, the eigenvector
associated with —1 should be able to provide a good idea on the construction of
a testing set for the total variation. This is not clear for general chains, but it is
quite obvious for Ehrenfest chain. According to Lemma 1.1, 9, ,(x) = (—1)" is
an eigenvector of K, associated with the eigenvalue —1 and the sets, {x € Q, :
Ynn(x) > 0} and {z € Q, : Y, »(x) < 0}, are exactly the event numbers and the
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odd numbers in §2,,. Due to the above discussion, we set A,, = {i € §,, : i is even}
and let 14, be the indicating function of A,,. Clearly, 2-14, — 1 =, , and

Dn,TV(xnvt) > |(K7/l)t(xn;An) - ﬂ-n(An)|

= 3I[(K) (@n, ) = mal(2- 14, — 1))

= 2‘(K;L)t(xnvwn,n)|

1 2 t 1 _—4t/(n+1
—5(1—m) > € /(n+1)

for n > 3, where the last inequality applies the fact log(1—t) > —2¢t for t € [0,1/2].
This implies, for 0 < e < 1/(2¢%),
Toov(@n,€) > [Tlog 5-|(n+1), Vn>3.
It is worthwhile to note that the lower bound is independent of the initial state.
Along with the upper bound in Step 1, we obtain T}, rv(2n, 1/(2¢*)) < n and
Toov(Tn,€) = Oc(n) for all € < 1/(2¢*). Using the last inequality of (4.5), it is
easy to see that, for any ¢ > 1 and n > 1,

Dn,TV(xny Lan) Z Dn,TV(xny L2CJ (n + 1)) Z %674L2CJ Z 679?

By Corollary 2.3, no subfamily of F has a total variation precutoff.

Step 3: Bounding the total variation from below: Continuous time case.
Again, we suppose |n — 2z,|/y/n is bounded. It has been developed in Step 1 that
T oy (T, €) = Oc(n) for all e € (0,1). By Corollary 2.3, it suffices to show that
(4.6) liminf Dy (2, cn) >0, Ve > 0.

n—r oo

(4.5)

The trick used in Step 2 does not work for the continuous time case, since, by

writing exp {(—t(I — Ko)} = exp{_2t {1_ (I+2Kn)} }

the continuous time Markov chain behaves like the lazy chain, a Markov chain
whose transition matrix has entries in the diagonal at least 1/2. Comparing with
K], (I + K,)/2 evolves according to a fair coin and K,. That is, if the coin
lands on heads, then the chain transits states according to K,. If the coin lands
on tails, then the chain keeps at current state. For lazy chains, their eigenvalues
must be nonnegative and the smallest eigenvalue has less contribution to the L2-
distance and the total variation. Our policy to conquer the continuous time case
is as follows. First, we compare the original discrete time Ehrenfest chain K,, with
the simple random walk on Z. Based on the symmetry of the Ehrenfest chain, the
comparison will generate a lower bound on the total variation distance related to
the first passage time discussion in Section 3. This will lead to (4.6).
First, observe that, for any A C 2, and ¢t > 0,

o0

(A7) Df oy (@, t) = Hy g (2, A) — w0 (A) = Y (e_t;> K (zp, A) — mn(A).
i=0 ’

By the symmetry of K, and the boundedness of |x,,—n/2|/1/n, it loses no generality
to assume that n/4 <z, <n/2 for all n > 0. Moreover, by Remark 2.4, it suffices
to deal with the following subcases.

(4.8) (n/2 —x,)/v/n — a€l0,00), asn— oco.
The next proposition is helpful in the selection of the testing set A.
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Proposition 4.2. Let K, be the transition matriz on S, defined by (4.1). Suppose
ln 18 a probability concentrated on A = {0,1,...,[n/2]}, i.e., un(A) = 1. Then,
pun KL (A) > 1/2 for all t > 0.

This proposition realizes the intuition that, by the symmetry of Ehrenfest chains,
if the initial distribution concentrates on the left half side of 2,,, then so does the
distribution of the chain at all time. See the appendix for a proof of this proposition.
Now, let A ={0,1,...,[n/2]}. Clearly, m,(A4) <1/2+ m,([n/2]) and, by Stirling’s
formula, 7, ([n/2]) ~ (7n/2)71/2. Let T be the first passage time to state |n/2],
the first time (including time 0) to hit |n/2], for the Ehrenfest chain K,. The
irreducibility of K, implies P, (T < oo) = 1 and the strong Markov property
yields

. .11 ,
(2, A Zf« i(|n/2], AP, (T =5)+ Py, (T >0) > 5 + S Pa, (T > ).
Putting this back to (4.7), we obtain, for all m > 0,
c 1 —t - ti
(4.9) Diy (1) > 5 <e ; Z'> P, (T > m) — m,([n/2]).

Next, we use Theorem 3.1 to bound P, (T" > m) from below. Consider the simple
random walk on Z. For m > 1, k > 1 and i € Z, let P(m, k, %) be the set containing
paths of length m starting from 0, ending at ¢ and staying in {0, +1, +2, ..., +(k—1)}
up to time m. Clearly,

n/2]—zp—1

P (T>m)> Y Py (P(m,|n/2] —xn,i))

=0

Let P’ be the probability where the simple random walk on Z starting from the origin
sits. For any path w = (wo, w1, ..., wn) € P(m, k, i) with |i| < k, one may partition
the edges {(wj, wj41) : 0 < k < m} into two subsets, say B;(w) and Ba(w), where
Bi(w) ={{,j+1):0<j < i} fori>0, Bl(w)—{( ,j—1):0 >4 > i} for
i < 0, and Ba(w) is a disjoint union of pairs in the form {(j,5 + 1), (j + 1,4)} with
—k < j < k — 1. Note that, for 2z, —n/2 < j <n/2,

ol Ve L () 20— 2)
n n 2 n 2 n
and
N 2 2
1 1 -2 1 -2
A R S PR Ut/ B P PRS0 I
n n 4 n 4 n

This leads to Py, (w) > ¢, (m)P'(w) for all w € P(m, [n/2| —zy,i) and 22, —n/2 <
i <n/2, where

= [1-a (22 Y ] (1 22y
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Let m = Nn, where N is any positive integer. Using the notation in (3.1) and
applying Theorem 3.1, we obtain

P., (T > Nn) > cy(Nn)Py(T| /2| -z, > Nn)
2Nn
R et

provided Nn > (|n/2| — x,)?. Putting this back to (4.9), we obtain

(T E ¢ n)ex __ e —m(|n
L%V<n¢>>§3< §jﬂ> s exp {2 (2,

1=0

if Nn > (|n/2] —x,)?. As a consequence of Lemma A.3, if a > 0 in the setting of
(4.8), then

1
lim inf D5, (2, cn) > 26_(20a2+2/“2)N >0, VN >max{c,a® 1}.

n—

By Corollary 2.3, this prove that if ¢ > 0, then no subfamily of F. has a total
variation precutoff.

In the end, we deal with the subcase a = 0. Obviously, the last inequality
provides a trivial lower bound on the total variation. To get an applicable bound,
we rewrite the transition density of K! as follows using Lemma 1.1.

Kt(l' y)/ﬂ'n _1—anz "r/)nz )|/Bn,l|t

See [14, Lemma 1.3.3] for a proof. Applying this identity to the case (K/)! and
H, , gives

(4.10) &—1_21% n.i )(H"ﬂ"”)t

T (y n+1
and

Hn a:7 n B ~ ‘
(411) ,/T7t((y)y) —1= qubn,z(x)wn,z(y)e t1=Fn.0)

i=1
For n > 1, set
Hy(zn,y)/mn(y) — 1 = fult,y) + gn(t,y),
where
ful(t,y) = wn,Q(xn)e_t(l_ﬁn’Z)wnB(Q)
and
n

gn(ty) = D Wpilwn)e Iy, (y).

i=1,i#2

As a consequence of the triangle inequality and Jensen’s inequality, we obtain

2Dy (@nst) = [[fn(t ) + gn(t )Ly 2 1fn (s ) Lr ) = 19 )l (r,)-

It remains to prove that, for all ¢ > 0,

tin inf [[|fa(en, )21 (r — llgn(en, Y za(r,y] > 0.
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First, observe that
n— 2z - 12
||gn(t, ~)||L2(ﬂ_n) = (\/ﬁneh/n + ; |¢n,i($n)|2€4it/n> .
Recall the following fact developed in Step 1. If r = 1 +sup, {|n — 2z,|/v/n} < oo,
then 4
W)n,z(xn)‘ < 7"17 V0 < { <n.
Putting this back to the L?(m,)-norm of g,(t,-) yields
n — 2T, e (re—4¢)3 1/2
vn 1 —re—4e ’

provided r < e*¢. Also, it is an easy exercise to compute

0020 = o) [("ﬁ)_ll

This implies [, 2(z,,)| ~ 1/+/2 and

lgn(ems e < (

1 1 2, 1
n > —m,({x: |z —n/2 4V ~ —— U200 > —.
1Vn2llLt () > 57 ({z: |z —n/2] <V/n/4}) Tl e LT

According to the assumption (n/2 — z,,)/v/n — a =0, if r < e*¢, then
timint (| (en. )l i (ry) — lgn(en, ) 2o, )
> 1 e—4c _ 7“3/2 6—60 — 6—40 ( 1 _ T3/2 e—2c> > 07
12v/2 V1—rete 122 V1 —re e

for ¢ large enough. By the monotonicity of the total variation distance, we have

liminf DS, (2n,cn) >0, Ve > 0.
n—oo

By Corollary 2.3, no subfamily of F, has a total variation precutoff when a = 0.
This finishes the proof. O

Remark 4.3. In the proof of Theorem 4.1, it has been shown that if |, —n/2|/\/n
is bounded, then no subfamily of F and F, presents a total variation precutoff and
the total variation mixing time is of order n.

Remark 4.4. In Step 3, the method for a = 0 is also valid for a > 0 if one replaces
fn(ta ) with wn,l(xn)e_t(lﬁn’l)wn,l and changes gn(t7 ) into Hn,t(mn7 )/Wn —1—fa.
The proof for a > 0 also works for the discrete time case.

5. THE LP-CUTOFF OF EHRENFEST CHAINS

This section is contributed to the development of the LP-cutoff of Ehrenfest
chains with p € (1,00). To bound the LP-distance, we have to select suitable
test functions in accordance with the operator theory and the spectral information
provides some good ideas on the choice, for instance, the eigenfunctions. The main
theorem states as follows.

Theorem 5.1. Let F and F,. be the families in Theorem 4.1. For p € (1,00), the
following are equivalent.

(1) F (resp. F¢) has an LP-precutoff.



16 G.-Y. CHEN, Y.-J. FANG, AND Y.-C. SHEU

(2) F (resp. F.) has an LP-cutoff.
(3) |lzn — n/2|/v/n — 0.
Moreover, if (3) holds, then both F and F. have a (tn,n) LP-cutoff with

-2
£, = P log M7 270l

2% Um

Proof. In this proof, we will write || f||, as the LP(7)-norm of f for short. Obviously,
(2)=(1) comes immediate from Definition 2.1 for all 1 < p < oo. For (3)=(2) and
the (t,,n) LP-cutoff, we set

F,(a) = limsup D, p(2n, t, + an), Fy(a) = liminf Dy, ,(zn, tn + an)

n—00 n—oo
and

Gp(a) = limsup Dy, (2, tn + an), Gy(a) = liminf DY (2, t, + an).

n—00 n—00 P

Consider in the following two cases, p € (1,2] and p € (2, 00).
Case 1: (1 < p <2) For p=2, (2) and (3) have been proved equivalent in [7]. In
detail, by Theorem 6.3-6.5 in [7] and the proofs therein, there are positive constants
A, N such that, for n > N,

max{ Dy, 2(Tn, tn + an), Dy, 5(zy,tn +an)} < Ae™2 4 o(1)
and

min{ Dy, 5(2n, tn + an), DS 5 (2, tn +an)} > e > + o(1).
This implies
(5.1) max{F(a), G2(a)} < Ae™2*, min{Fy(a),Ga(a)} > e 2", VacR.
Note that the L"-distance is bounded above by L®-distance for 1 < r < s < co.
Using the first inequality of (5.1), we obtain, for p € (1, 2),

max{F,(a), Gy(a)} < Ae™2* -0, asa— oo.

To get a lower bound, consider the test function 1, 1. Set ¢ = (1 —1/p)~t. A
simple application of the central limit theorem yields

1/4q

1nalla = <Z<” ﬁ') mx)) S G, = [E(X|7) e,

=0

where X is a standard normal random variable and E denotes the expectation. It
is a simple exercise to show that

54 1 1/q
Cq: (\/WI‘ ((]2)> <OO, qu(l,oo),

where T is the Gamma function defined by I'(z) = fooo e~'t*~1dt. As a consequence

of (4.10)-(4.11), we have
() " (@, ) /7 = 1, Y1),

F,(a) > liminf =e2/C,
—+ n—00 1%n,11lq !
and
Hn an\+n,* n 17 n,l/m _
Gp(a) Z lim inf |< ytnt+ (‘I )/ﬂ- w ,1> nl _ ¢ 20,/0(1'

— n—00 [¥n.1llq
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Obviously, min{Fy(a),Gp(a)} — oo as a — —oo. This proves the desired (t,,n)

LP-cutoff.

Case 2: (2 < p < 00) Using the second inequality of (5.1), it is easy to see that
min{F,(a),Gpla)} > e 2* +o(1) = 00, asa — —oo.

To get an upper bound, we apply the fact ¢y, n—i(z) = (=1)"¢,i(z) to the right
sides of (4.10)-(4.11) and get

[n/2] 2 \*! 9 t
Duytont) £2 3 Wil (1= 207 ) + (157 ) <2000

n+1
and
n/2] . 5 \*
Dy nnt) <2 3 WnsConllnalhe 2"+ (1= 20) < 2y
=1
where
/2] ‘
dp(n,1) = 37 [ns(@n)l[Gnallpe 2 () 4 g2/ (),
=1

To bound d,(n,t) from above, one has to compute the LP-norm of 1, ;. This
can be very complicated from its definition but, surprisingly, the identity in (4.3)
is sufficient to give a reasonable upper bound. In detail, one may derive from (4.3)
that, for i < n/2,

2 |n — 2x|
n,t < T X n,: n,i— .
[ i41(2) ( R ) [ (@) + i1 (2)
Along with the initial conditions, ¢, o = 1 and ¢, 1(z) = (n—2z)//n, an inductive
argument yields

(5.2) [¥n,i(x)] < \/?,H (Iwn,l(x)l + \/Z) , Yz eQ,,i<n/2
.

For convenience, write i! = a;i*T1/2e~%. By Stirling’s formula, o;; — /27 as i — co.
Thus, we may choose 8 > 1 such that 37! < a; < j for all 4 > 1. This implies

(5.3) i3 <l < Bt 2e71 ) Wi > 1.
In this setting, (5.2) gives
(5.4) [ i@)] < (26)/27 /46172 (s, 1 ()72 4 1)

and, then, the LP-norm of v,, ; is bounded above as follows.

. .
[nilly < (2e)P/2i7P/ 57 2, [(wmrm +1) }

< (Qe)pi/2fp/4ﬁp/22pi {i’mﬁwn (|¢n71|m’) + 1} ,

where the last inequality uses the fact (s +¢)" < 2771(s" +¢") for any s > 0, ¢ > 0
and r > 1. It deserves to note that, for fixed i, the central limit theorem implies
that 7, (|1, 1|P") converges to the expectation of |X|[P?, where X is the standard
normal random variable. To estimate such a convergence for all 1 < ¢ < n, one
may consider the convergence rate of the central limit theorem, but, however, this



18 G.-Y. CHEN, Y.-J. FANG, AND Y.-C. SHEU

can be very complicated. Here, we cook up a direct computation in Lemma A.4,
which says that there exists a constant C' > 1 such that

, ; + 1
Tl thn [P') < C4P'T (“;) :
As a consequence of the identity I'(¢ + 1) = ¢I'(¢),

. L(pi-1)/2] . .
F(pz;—1><2 pi—25+1

> J 9
j=1

< pi x (F - ﬂ !) < 58pil(pi)/ (2€) /2.

For p > 2, the above inequalities gives

. ) ) ) 1/p )
il < ((26)7"/2070/437/227(20 8047 (i) [p/ (20)/"*/%}) " < 108Ci/*(8p)".
Plugging the last term and (5.4) back to d,(n,t), we obtain

[n/2]
(55)  dy(n,t) <108°C Y (20p)' (1 ()| + 1) 2/ (D) g =2/ (D),
i=1
Recall that | 20
n n — 2x, n
tn = 9 log T =3 log |11 (zn)].

Clearly, for a > 1,
n+
2

This implies

n+1

n+1
log 1 ()] + " (a — 1).

1
IOg |wn,1($n)| + (a - 1)77’ > 9

tn +an >

[n/2]
Wp [ ()| + 1
dy(n,t, +an) < 108°C ( X :

ol VI05C D G X Tt

i=1
Under the assumption of (3), that is, [t 1(z,)| — oo, if €~! > 8p, then
max{F,(a),Gp(a)} < 2limsupd,(n,t, + an)
n—oo

) + exp{—|¥n1(zn)|}

N Lav  40082Cpet—e
<208 C;z(ZOpe )= T —Z0pei
Obviously, the last term converges to 0 as a tends to infinity. This proves the (¢,,n)
LP-cutoff of F and F. with 2 < p < oo.

For (1)=-(3), we assume that |z, — n/2|/v/n is bounded and prove that no
subfamily of F and F, has an LP-precutoff. Set M = sup,~,{|2z, — n|/v/n} + 1.
By (5.5), we have, for p > 2 and e* > 20Mp -

max{D,, ,(zn, [an]), Dﬁ’p(xman)} < 2d,(n,an)

400M 2Cpe=

e,
1—20Mpe @ | °°

<208°C') (20Mpe™)' + 2" =
i=1
Again, the right side converges to 0 as a tends to infinity. This implies, for all € > 0
and p < o0,

T p(2n, €) = Oc(n), Tﬁyp(xn, €) = O¢(n).
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Also, by Remark 4.3 and Corollary 2.3, we have
lim inf min{ D, vv(zn,cn), Dy 1 (20, cn)} >0, Ve > 0.
n—o00 ’

This yields, for p > 1,

liminf min{ Dy, ,(zy,en), Dy, ,(zn,cn)} >0, Ve > 0.

n—oo

Consequently, for 1 < p < oo, no subfamily of F and F, has an LP-precutoff. This
finishes the proof. O

Remark 5.1. It is worthwhile to note that if |n — z,|/y/n is bounded, then the
LP-mixing time of the Ehrenfest chains in (4.2) with p € [1,00) is of order n.

Remark 5.2. For p = oo, the equivalence in Theorem 5.1 might fall. Suppose n is
even, x,, = n/2 and consider the separation distance, which is closely related to the
L*°-distance and is defined by

Kt H,
Dn_st(CE,t) max{l(n)(w’y)}, D?L sep(x7t) maX{lM,y)}
| v Tn(y) ’ v T (¥)
For n > 1, let L, be a Markov kernel on {0,1,...,n/2} given by

La(i,i) =0, Y0O<i<n/2, Lpliyi+tl)=1——, Y0<i<n/2,
n
and

1
L,L(H—l,i):lz, YO<i<n/2—1, L,(n/2,n/2—1)=1.

It is obviously that L, is obtained from K, by collapsing states {i,n — i} and has
T (i) = 2177(7) for i < n/2 and 7,(n/2) = 27" (7:;2) as the stationary distribu-
tion. Let En,scp(x, t), ﬁfhscp (z,t) be respectively the separation distances between
(L!)t, e ™ =Ln) and 7, where L, = (I +nL,)/(n+ 1). Then,

D osep(1/2,1) = Dy sep(n/2,t), DS (n/2,t) = DS . (n/2,t).

n,sep n,sep

In fact, the above identities also hold in the LP-distance with 1 < p < co. In [9],
the authors consider discrete time monotone birth-and-death chains, which is not
satisfied by L/ , and continuous time birth-and-death chains without any constraint.
It is an easy exercise to check that I — L,, has eigenvalues 4i/n and eigenvectors
Gni given by ¢y, i(x) = ¥y 0:(x) for 0 < i < n/2. Clearly, the spectral gap of L,, is
An =4/n. Set

n/2
nlogn

n
t"_;@'_ L T 0.

As a consequence of [9, Theorem 5.1-6.1], the family F,. in Theorem 4.1 has a
(%nlog n,n) separation cutoff. However, according to Theorem 5.1 and Remark
5.1, F. has no LP-precutoff and the exact order of the LP-mixing time is n.

Remark 5.3. There is no universal criterion on the total variation cutoff or pre-
cutoff, except specific chains such as lazy birth-and-death chains. Concerning the
maximum total variation distance and the related mixing time, define

DT\/(t) = meaé( DTv(x,t)7 TT\/(E) = lnf{t 2 0: DTV(t) S 6}
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and call the cutoff in the above distance as the maximum total variation cutoff.
The authors of [10] prove that a family of lazy birth-and-death chains on Q,, =
{0,1,...,n} has a maximum total variation cutoff if and only if

lim A\, T, rv(e) = oo,

n—oo
for some € € (0,1), where 1 — )\, is the second largest eigenvalue of the transition
matrix on €),,. Such a criterion is proposed by Peres during the ARCC workshop
held by AIM in Palo Alto, December 2004. Under the assumption of reversibility,
it has been shown to be true in [6] for max-L? distance with 1 < p < oo, but
disproved in [5] for p = 1 using an idea from Aldous. However, none of the above
results is clear if the initial states or distributions for a family of ergodic Markov
chains are specified. As a consequence of Theorem 4.1, Lemma 1.1 and Remark
4.3, the family in Theorem 4.1 has a total variation cutoff (also for the precutoff)
if and only if

lim A\, T, rv(xn, €) = oo,
n— 00

for some € € (0,1). This provides an example that is consistent with Peres’ conjec-
ture.

APPENDIX A. TECHNIQUES AND PROOFS
We consider Proposition 4.2 in a more general setting.

Lemma A.1. Let K be the transition matrix of a periodic birth-and-death chain
on Q ={0,1,...,m} with birth rate p; and death rate q¢; = 1 — p;. That is,

K(i,i—l—l):pi, K(i,i—l):qizl—pi, V0 <i<m,

with the convention p,, = qo = 0. Let ] = |m/2] and p be a probability on Q.
Suppose that, for any i > 0,

(A1) p(l —2i) > p(l +2i+2) > p(l = 2i = 2),  pry2i > @20 > Prezite,
and
(A.2) Di+2i + Qi+2i42 2 Pi—2i—2 + qi—2i = Di+2i+2 + qi4+2i+4-
Then, for alli >0,
pK(1+2i+1) > pK(1—2i— 1) > pK(1+2i+ 3).

Proof. By the periodicity of K,

pK(j) = p(G = Dpj—1 + p(f +1)gj41, YO <j<m,
where
(A.3) p(=1) = p(m+1)=p_1 = gm4+1 = 0.

It is easy to check that both (A.1) and (A.2) hold under the extension in (A.3). If
i< (l1—1)/2,thenl+2i+1 <2 <m and

WK (420 +1) — pK (1 —2i — 1)
=[u(l + 20)pryai + p(l + 20 + 2)qry2i12]
— [l = 28)qu—2; + p(l — 20 — 2)p1—2i—2]
>u(l = 2i)(prv2i — @—2i) + p(l + 20 + 2)(@42i+2 — Pi—2i—2)
>u(l + 20 + 2)(pry2i — Qi—2i + Qy2it2 — Pi—2i—2) > 0.
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Ifi+2i+3<m,thenl—2i—1>2l4+2—m >1 and
WK (=2 — 1) — uK (1 + 2 + 3)
=[u(l — 20)q—2i + p(l — 20 — 2)p; _2;2]
= [p(l + 20 + 2)pry2ive + p(l + 20 + 4)qi42i44]
>u(l+ 20 + 2)(qi—2i — pr42ite) + p(l — 20 — 2)(Pi—2i—2 — Q+2i+4)
>l — 26 — 2)(q1—2i — Pro2ite + Pi—2i—2 — Q42ita) > 0.
This finishes the proof. (I

Remark A.1. Lemma A.1 also holds for the case that m is even and [ = m/2 — 1.
The proof goes similarly and is omitted.

The following is a simple corollary of Lemma A.1.
Corollary A.2. Let K be the transition matriz on Q = {0,1,...,m} given by
K(i,i+1)=p, K(,i—1)=¢=1-p;, Y0<i<m,
where py, = qo = 0, and let p be a probability on Q). Suppose that
Pi =4m-is Pi 2 Pit1, Vi=0,
and
Pi + Qit2 < piv1 + qivs, V0 <i<|[m/2] -2
(1) If m =2l and
pwl+20)>pl—2i—-2)>pl+2i+2), Vi>0,
then, for alli >0 and t € {0,1,2,...},
pKATN =20 — 1) > p K21 420+ 1) > pK?H (1 — 20 — 3)
and
K21+ 260) > pK? (1 — 20 — 2) > pK2 (1 + 2i + 2).
(2) If m =2l and
wl—=2i—1)>p(l—-2i+1)>p(l—-2i-3), Vi>0,
then, for alli >0 and t € {0,1,2,...},
pKP (14 20) > pK? (1 = 20 — 2) > pK2TH 1+ 20 4 2).
and
pK2 (1 —2i — 1) > pK* (1 +2i +1) > pK?(1 — 2i — 3).
(3) Ifm=20l+1 and
pl=20) > pl+2i+2)>pl—2i—2), Vi>0,
then, for alli >0 and t € {0,1,2,...},
pK2 (4 20+ 1) > pK2N (1 — 20— 1) > pK? (14 20 + 3)
and

K1 — 26) > pK? (14 20 +2) > pK?* (1 — 2i — 2).
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Proof of Proposition 4.2. For the birth-and-death chain in Proposition 4.2, it is
obvious that p; = 1 —i/n and ¢; = i/n. This implies

2 .
Di = qn—i, Di > Ditl, pi+Qi+2:1+5» Vi > 0.

Applying Corollary A.2 with K = K, and p = d, /21, the dirac mass on [n/2],
yields

Kl([n/2],A) >1/2, Vt>0.
For the general case with p,(A) > 1/2, let (X:)$2, be a Markov chain with
transition matrix K, and let T be the first passage time to state [n/2], i.e.,
T = min{t > 0 : X; = [n/2]}. By the irreducibility of K,, P, (T < o0) = 1.
Using the strong Markov property, we obtain, for ¢t > 0,

t
:uanz(A) :Z]Pun (Xt S A, T = 7/) J,-}P)Mn (Xt c A7 T> t)
=0
t
= P(Xi—; € Al Xo = [n/2])P,, (T =1) +P,, (T > 1)
=0
>iP, (T <t)+P, (T >t)>1/2.

O

Lemma A.3 ([6, Lemma A.1]). Forn >0, leta, € RT, b, € ZT, ¢, = b"%/ﬁ" and

d, = e 9 Z?;O az—? Assume that a,, + b, — co. Then

n—00 n—00 n—0o0 n—00

(A.4) limsup d,, = @ (lim sup cn> . liminfd, = ® (lim inf cn) ,

where ®(x) = \/% . e~ /24t

In particular, if ¢, converges(the limit can be 400 and —o0), then lim d,, =

n— oo
0] ( lim cn>.
n— oo

Lemma A.4. Forn > 1, let &, be a binomial random variable with parameters
(n,1/2). Then, there is a universal constant C > 0 such that
n-—- 2£n

%
0+1
E <o4T | —= >1
( 7 )_O ( 5 ) V0 >0, n>1,

where I" is the Gamma function.

Proof. Set Q,, = {0,1,...,n} and 7,(z) = (2)2_". According to the definition of
&n, P&, = ) = 7, () for x € Q,,. For 0 < j < /n, set

E,;j={xeQ,:|n—2z|/vVne(j,j+1]}, yn;=max{z€E,;:x<n/2}.
Clearly, [~ (j + )Vil/2 < gy < (n— j/i)/2 and

(A.5) E ( n = 2 9) < %(ﬂ 17 (En.j)-
vn =
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Using (5.3), we obtain, for y,, ; # 0,

n! n!
Tn(Ep ) =27" - <ol- "[yn]|—————
AT IGZE;” zl(n —x)! Y i1 (M = Ynj)!
o 3 n+l/2 3
<27 =80/zn. i,
fﬁ yyn J+1/2( yn,j)nfyn,j+1/2 B / ™I
where
2 n+1 , B .
20 = <n) vy =)
_ Fyn,j ( 2 )} (/2 ( — Yn,j >”/2
n Yn,j

==

Note that the mapping t +— (1 — t)'/? is strictly decreasing on (0, 1). This implies
n/2

N2 N\ 1"/2-Yn,j
RESINRED
n n

. 2 . n/27yn,j
flBT (o)
n n
n/2~Yn,;
2y, 2
e (-2)
n n

In the case y,, ; > n/6, one may use the inequality, log(1+1¢) > t/2 for t € [0, 1], to

get
1 n 2n.\ > 1 o
m, 1< /4
zn,j23exp{4(1—nj) }2363/.

In the case 1 <y, ; <n/6, it is clear that

n/3
2 (5 2 2 2
Zng 2 <3) > —en/0 > —en/Hed R,

and, hence,

\%

Zn,j

%

where the last inequality applies the fact 7 < y/n. Putting both cases together, we
may choose a universal constant C' > 1 such that

i*/8
Zn,jzec ) VOSJS\/ﬁ7yn,j7AO7TL21

Back to the computation of 7, (E, ;), this gives
Tn(Ep ;) <8CE /8 N0 <</, yn,; #0,n> 1.

In fact, the above inequality also holds for y, ; = 0 (which must imply j = [/n])
since, in such a case, m,(E, ;) = 2!™" < 2e—(1082)i* < 2¢=3°/8. Continuing the
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computation in (A.5), we have

(1

N

(9]
(10]
(11]
(12]

(13]

(14]

(15]

n— 2 0 Lvn] \ Lvn] .
E{|—=2] ) <808 Y (1+1) e /B <1608 > (j+1)e 0D/
vn §=0 §=0
vVnl 42 ) 0 )
< 16053 Z / tle=t" /164 < 64Cﬂ349/ e ds
j=0 YJ+1 0

— 3206%4°T (T) .
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